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1 Introduction

This document provides several previous exam solutions along with some random notes on different topics

related to the exam.

2 Analysis

REMARK: The following material is useful for learning about completeness:
i) Baby Rudin: pg. 54-55, 150-151
ii) Rosenclicht: pg. 52-53
iii) Kreyszig: pg. 28-39
iv) Tao I: pg: 146-147
v) Tao II: pg. 19-20

vi) Fitzpatrick: 322-323

Definition: Let (a,)22,, be a sequence of real numbers and = € R. Then z is a limit point of (a,)2,, if,

for every e > 0 and every N > m, there exists an n > N such that |a, — x| < e. A

Definition: Let (a,)52,, be a sequence of real number and L € R. Then (a,)5,,, converges to L if, given

any real € > 0, one can find an N > m such that |a, — L| < eV n> N. A
Definition: A sequence (a,)22,, is a Cauchy sequence iff for every ¢ > 0, there exists an N > 0 such
that d(aj,ar) <e V j, k> N. A

Definition: Let (a,)22,, and (b,)52,, be sequences in R. Then (b,)52,. is a subsequence of (a,)22,, iff
there exists a function f: N — N that is strictly increasing such that b, = ay,) V n € N. A
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Definition: Let X C R, f : X — R be a function, and 9 € X. Then the following statements are

equivalent:
i) f is continuous at x.
ii) For every sequence (a,)52,, in X with lim a, = x¢, we have lim f(a,) = f(xo).
n—oo n—oo
iii) For every ¢ > 0, there exists 6 > 0 such that |f(z) — f(zo)| < € for all x € X with |z — x| < 6.

iv) For every € > 0, there exists 6 > 0 such that |f(z) — f(zo)| < e for all x € X with |z — x¢| < 6.

We say that f is continuous if f is continuous at every zg € X. A

Definition: The Archimedean property states that whenever z,e¢ € R are positive, there exists M € N

such that Me > z. A
Proposition: f: X — Y is continuous at x iff whenever {z,} — z, {f(z,)} — f(x). A
Proof:

Let {x,} be a sequence in X that converges to = and £ > 0 be given. Let us also assume f is
continuous. Then we must find N € N such that for all n > N, d(f(z,), f(z)) < . By continuity
of f, there exists 0 > 0 such that whenever d(z,,x) < 0, d(f(xy), f(z)) < e. Since {z,} — =, there
is a N € N such that d(x,,z) < d for all n > N. Then whenever n > N, d(f(x,), f(z)) < e.

Conversely, suppose that {f(z,)} — f(x). We must show that this implies f is continuous at z,
i.e., that there is a 6 > 0 such that whenever y € X and d(z,y) < ¢, d(f(x), f(y)) < . Suppose no
such ¢ exists. Then, letting 6 = 1/n for n € N, we can identify =, € X so that d(f(x), f(zy)) > €

while d(x,z,) < § = 1/n. This gives a sequence {z,} that converges to = while {f(z,)} does not

converge to f(z), which contradicts our initial assumption. Hence f must be continuous. g

Definition: A homeomorphism is a bijection f : X — Y such that f and f~! are continuous. A

Proposition: A function f : X — Y is continuous iff for every open subset V C Y, f~1(V)isopenin X. A
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REMARK: If the topologies X and Y are generated by basic open sets, the above is equivalent to say,
for every basic open neighborhood Ny of f(xg), there is a basic open neighborhood N, of zy such that
f(Nz) € Ny. In particular, if X and Y are metric spaces, then f is continuous at zg iff Ve >0,36 >0

such that = € B(zo,9) = f(z0) € B(f(x0),¢). A
If f:]a,b] = R is continuous, then fla,b] — R is uniformly continuous. A
Proof:

Let € > 0 be given. We must show there is § > 0 such that for z,y € [a, b] we have |f(z) — f(y)| < e
whenever |x — y| < 0. By the continuity of f, for each x € [a,b] there exists J; > 0 such that
y € (x—20y, v+ 20,) implies |f(x) — f(y)| < €/2. Also, the collection of (z —d,, z+0,) for = € [a, b]
form an open cover of [a, b]. But, [a, ] is closed and bounded and, therefore, compact. This implies

there is a finite subcover of z1,...,x, € [a,b] such that

n

[a,b] C LJ(&:Z — Opyy Ti + Og;)-
i=1

Then define § = min{d,,,..., s, } and suppose z,y € [a,b] such that |z — y| < §. Since we have a

finite cover, there is x; with i € {1,...,n} such that |x — z;| < d,,. This implies
ly — | < |y — |+ |z — 23] <0+ 0y, <26,

Hence |f(x;) — f(z)| < /2 and |f(z;) — f(y)| < €/2. From the triangle inequality, it follows that
|f(xz) — f(y)| < e. Hence f is uniformly continuous. O

Intermediate Value Theorem: Let f : X — R be continuous and suppose X is connected. Then if f
takes on values yo and y; (with yp < 1), then f takes on every value between them, i.e., Vy € (yp,y1) = €
X such that f(z) =y. A

Proof:

Suppose zg,x1 € X such that f(zg) = yo and f(z1) = y1. Then fix any y € (yo0,v1), and let
Ag={re X | f(x)<y}=fY~o0,y)and Ay = {r € X | f(z) >y} = f(y,00). Both sets
are open since f is continuous and since (y,o0) and (—oo,y) are open. Both sets are nonempty
since xg € Ag and x1 € A;. Also, Ag N Ay = () since we cannot simultaneously have f(z) > y and
f(x) < y. Since X is connected, we cannot have X = AgU A;. Otherwise, X would be disjoint.
Thus, there must exists x € X — (Ag U A;), which implies there exists x € X such that f(z) =y

and we are done. O
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Definition: Let X C R and f : X — R be a function. Then f is uniformly continuous if for every
e > 0, there exists § > 0 such that |f(z) — f(xo)| < & whenever z,xg € X with |x — x| <. A

Note: For uniform continuity one can take a single § which works for all g € X while for ordinary continuity

each xg € X may use a different §. Hence a uniformly continuous function is continuous, but not conversely.

Let (X, d) be a compact metric space and (Y, p) be a metric space. If f: X — Y is continuous, then f is

uniformly continuous A

Proof:

Let € > 0 be given. By the continuity of f, for each z € X there exists ¢, > 0 such that y € B(z,d,)
implies f(y) € B(f(z),e/2). The collection of balls Uzex B(x,6,/2) form an open cover for X.
Since X is compact, it follows that there is a finite subcover U ; B(z;,dz,/2) of X. Then define
d =min{d,, /2 | 1 <i<n}. Now suppose we have d(z,y) < ¢. Since U}, B(x;, 65,/2) covers X,
there is an index j such that = € B(zj,d,;/2). Then d(x;,y) < d(zj, z) +d(w,y) < 0y, /2+6 < 0y,
Hence z,y € B(wj,dy,), which implies

p(f (), f(y)) < p(f (@), f(25)) + p(f(25), f(y) <e/2+e/2=e.

Hence f is uniformly continuous. O

Definition: Let X,Y be metric spaces and f : E — Y be continuous with £ C X. If a € X and E — {a}

has points arbitrarily close to a, we see the limit lim . f(x) exists and is equal to L iff Ve > 0,36 >0
r—a,rc

such that z € E — {a} and d(z,a) < § implies d(f(z), L) < . A

Ezample: Define f, : [0,1] — [0,1] by f(z) = z™. Let f(x) =0if z € [0,1) and f(xz) =1 if x = 1. Then
{fn} = 7. A
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REMARK: The above example shows that limits of continuous functions need not be continuous. Indeed,

in the above we see
lim lim f,(x) = lim1 f(z)=0#1= lim lim f,(z). (1)
T—r

r—1n—o0 n—oo r—1

A

Definition: Let X,Y be metric spaces, {f, : X — Y}2°, be a sequence of functions, and f : X — Y. Then

{fn} converges pointwise to f on X if Vz € X, li_>m fu(x) = f(x). Thatis,Va € X,e >0,3I N € N,
mn o

such that V. n > N, |f,(z) — f(z)| < e. A

Definition: Let X,Y be metric spaces, {f, : X — Y}2°, be a sequence of functions, and f : X — Y. Then
{fn} converges uniformly to f on X iff Ve >0, 3 N € N such that V x,n > N, d(f(z), fn(x)) <e. A

Definition: For metric spaces X and Y, a function f : X — Y is Lipschitz with constant L if V z,y € X,

d(f(z), f(y)) < Ld(z,y). A
Proposition: Lipschitz functions are continuous. A
Proof:

For metric spaces X and Y, define f : X — Y to be Lipschitz with constant L. Let € > 0 be given
and 9 € X. For x € X it follows that d(x,zo) < /L implies d(f(z), f(zo)) < Ld(z,x0) < . So,

at each xg € X, f is continuous. Thus, f is continuous and we are done. (|

Monotone Convergence Theorem: A monotone sequence converges if and only if it is bounded. More-
over, the bounded monotone sequence {a,} converges to sup{a, | n € N} if it is monotonically increase

and inf{a, | n € N} if it is monotonically decreasing. A

Proof:

Suppose {ay} is a convergent sequence. We first show that this sequence is bounded. Let a denote
the limit of {a,}. Taking e = 1, it follows from the definition of convergence that this is N € N
such that |a, — a| < 1 whenever n > N. Using the triangle inequality, |a,| = |(an, — a) + a|] <
|ap, —a] +a < 1+ |a|] whenever n > N. Then define M = max{|ai],...,|an—1],|a| + 1}. Then
lan,| < M for each n € N and so {a,} is bounded.
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Now let {a,} be an unbounded monotone sequence. Further suppose that it is monotonically in-
creasing. Then for each positive M € R we can find a,, such that a, > M. But, since the sequence
is increasing, a, > ay > M for all N, which reveals z,, = oo as n — oo. Similar argument holds

for a monotonically decreasing sequence using negative M € RR.

All that remains it to show that a monotone sequence converges to its supremum if it is increasing
and its infimum if it is decreasing. First suppose {a,} is a monotonically increasing sequence. Let
a =sup{a, | n € N} and € > 0 be given. We must find N € N such that |a, — a| < € for all
n > N. By the definition of a, we have a,, < a < a + ¢ for all n € N. Since a is the least upper
bound for a, a — ¢ is not an upper bound for a, which implies there is N € N such that a —e < ay.
Then a —e < ay < a, < a+e¢ for all n > N. This shows |a,, — a| < £ whenever n > N, as desired.

The case where {a, } is decreasing follows similarly. O

Heine-Borel Theorem 1: Let (X,d) be a metric space. Then a subset Y C X is compact iff it is
complete and totally bounded. A

Heine-Borel Theorem 2: Let (R", d) be a Euclidean space with either the Euclidean metric, the taxicab

metric, or the sup norm metric. Let £ C R"™. Then F is compact iff F is closed and bounded. A

Bolzano-Weierstrass Theorem in R" (aka Sequential Compactness Theorem): A bounded subset of

S C R™ is sequentially compact iff it is closed and bounded. A

Proof:

We first show that every sequence {z,}22; C R has a monotone subsequence. Let us call an integer
n a “peak” of the sequence if m > n implies that z,, > x,,, i.e., x, is greater than every subsequent
term in the sequence. Now suppose {z,}>2; has infinitely many peaks, ny <ng < --- <n; <---.
Then the subsequence corresponding to these peaks {xn]} is monotonically decreasing. Alterna-
tively, suppose {zy}22, has only finitely many peaks. Let N be the last peak and n;y = N + 1.
Then n; is not a peak since ny; > N, which implies there exists ny > n; with z,, > x,,. Again
ng > N is not a peak, and so, by induction, we construct an infinite non-decreasing subsequence

Tny < Tpy < Tpg < ---, as desired.

Now suppose {z,}5° ; is bounded. Then, by the above, there exists a monotone subsequence. Then

by the Monotone Convergence Theorem, that subsequence must converge.

(continued on next page)
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The case for R"™ follows from the n = 1 case through application of a diagonalization argument.
Given a bounded sequence in R", the sequence of first coordinates is a bounded real sequence and,
thus, has a convergent subsequence. Then from this subsequence we can extract a subsubsequence
on which the second coordinates converge, and so on, until we have passed from the original

subsequence n times, which is still a subsequence of the original sequence. On this final subsequence,

each coordinate sequence converges. Hence this subsequence converges. O
The Boundedness Theorem: A continuous function on a closed bounded interval is bounded. A
Proof:

By way of contradiction, suppose a continuous function on the closed bounded interval [a,b] C R
is not bounded. Then, for each n € N, there is z,, € [a,b] such that f(z,) > n. This defines
a sequence {x,}5° ;. Because [a,b] is bounded, the Bolzano-Weierstrass Theorem implies there
exists a convergent subsequences {x,, }7° ;, whose limit shall be denoted by x. Since |a, b] is closed,
x € [a,b]. Since f is continuous at z, it follows that {f(z,,)}?2, converges to the finite value f(z).
But, since f(zp,) > ng > k for each k € N, it must follow that {f(xy,)} — oo as k — oo and
so this subsequence does not converge to the finite value f(x), a contradiction. Therefore, f is

bounded above on [a,b]. The proof that f is bounded below follows similarly. O

The Extreme Value Theorem: If f : [a,b] — R is continuous, then f must attain a maximum and a

minimum. A

Proof:

By the boundedness theorem, f is bounded above. By the Dedekind-completeness of R, there is a
supremum M of f. We must show there exists ¢ € [a, b] such that f(c) = M. Let n € N. Then since
M is the least upper bound, M — 1/n is not an upper bound for f. Thus, there exists ¢, € [a,b]
such that M — 1/n < f(c,). This defines a sequence {c,}o° ;. Since M is an upper bound for f,
we have M —1/n < f(cy,) < M for all n € N. Now let € > 0 be given. Then, by the Archimedean
property of R, there is N € N such that 1/N < e. Thus, |f(c,) — M| < 1/n <& whenever n > N

and so {f(cp)}o2; converges to M.

The Bolzano-Weierstrass Theorem implies there is a subsequence {cy, }72, that converges to some
c. Since [a, b] is closed, ¢ € [a,b]. Since f is continuous at ¢, {f(cn,)}72, converges to f(c). But,
{f(cn, )}, is a subsequence of {f(cy)}re; that converges to M. Hence M = f(c) and f attains

its supremum M at c. Similar proof shows that f attains is infimum. O
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Arzela-Ascoli Theorem: Let {f,}°2, be a sequence of functions f, : [a,b] — R. If this sequence is
uniformly bounded and equicontinuous, then there is a subsequence {f,, }32; that converges uniformly.
Conversely, if every subsequence of {f,}°°; itself has a uniformly convergent subsequence, then {f,}5°

is uniformly bounded and equicontinuous. A

Proof:
(=) Let {fn} be a sequence in F. Given ¢ > 0, we must show there exists N € N such that

Vte[0,1], [fu(t)— fim(t)] <& whenever n,m > N.

We proceed using a diagonalization argument. Let o : N — Q N [0,1] be an enumeration
of the rationals on [0,1]. Then {f,(c(1))} is a sequence of rationals. Moreover, because
F is uniformly bounded by some M > 0, for each n € N we have f,(o(1)) € [-M, M]. The
Bolzano Weierstrass Theorem implies that there is a convergent subsequence {f,,,(j)(c(1))}52;.
Similarly, we can find a subsequence {fy,(;)} of {fn,(j)} such that {f,,;)(c(2))} converges.
Continuing in an inductive fashion, for each k € IN we can find a subsequence ny41(j) of ng(j)
such that {f,, . j)(o(k))} converges. In fact, by this construction, {f,, ) (o(m))} converges
foreach m=1,...,k+ 1.

Now define a new sequence m(j) by m(j) = n;(j). We claim {f,,;)(c(k))} converges for each
k € N. Indeed, given k € N, there are only finitely many terms in the sequence { f,;)(o(k))}
that are not in {f,, (;)(c(k))}, namely, the k£ — 1 terms

fnk(l) (O’(k‘)), SR fnk(k—l) (U(k))

Thus, in the limit as k — oo, we have that { f,,(;)(o(k))} converges to the limit of { f,,, ;;(o(k))}.
Since this k& was arbitrarily chosen, this holds for all k € N. Hence { fy,(;)(r)} converges and
is Cauchy for each r € [0,1] N Q.

Now, because F is equicontinuous, there is a 6 > 0 such that for all n € N and z,y € [0, 1],

The collection of B(z,d/2) form an open cover of [0, 1]. However, [0, 1] is closed and bounded.
By the Heine-Borel theorem, it follows that [0, 1] is compact. Thus, there is a finite subcover

of [0, 1] by some collection szlB(mj, 0/2). Since the rationals are dense, there exists r1,...,r;
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with r; € B(x,0/2). And, from the above, for each r;, there exists N; such that

| fin() (1) = fney(ri)| < o whenever j, k > N;.

W ™

Let N = max{N; | 1<i < J}. For each t € [0,1], it follows that there exists ¢ such that
t € B(xy,0/2). Thus,

‘Tg—t’ < |7“g—a?g’+’a}g+t| §5/2+5/2:(5.
For j,k > N this implies that for each t € [0, 1]

[fn() () = Sty D] < i) () = i) (POl + i) (re) = Fongey (re)l + | fingiey (re) = frngey (2))]
<e/3+¢/3+4+¢/3
=e.
Hence { fi,(j)} is uniformly Cauchy and every sequence {f,} has a uniformly convergent sub-

sequence.

(«=) I omit the proof of the converse. O

Summation by Parts: Given two sequences {a,} and {b,}, define A, = >} a; for n > 0 and put
A_1 =0. Then, if 0 < p < g, we have

q q—1
D anbn =Y An(bn — buy1) + Agbg — Ap_1by.
n=p n=p

A

Suppose the partial sums ) a, form a bounded sequence and that {b,} is a nonnegative monotonically

decreasing sequence with lim b, = 0. Then ) ayb, converges. AN
n—oo

Proof:
Choose M such that A, = Y _,_,ax is bounded above by M for all n. Given € > 0, there is an
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integer N such that by < (¢/2M). For N < p < g, we have

q—1
> An(bn = but1) + Agbg — Ap_1by

n=p

q
E anby
n=p

q

D (bn = bpy1) + by + by
n=p

<M

Convergence now follows from the Cauchy criterion. We note that the first inequality in the above
chain depends on the fact that b, — b,+1 > 0. O

2.1 Differentiation

Definition: Let f : X — R be a function and zg € X. Then f attains a local maximum at zq iff there
exists 0 > 0 such that the restriction of f to X N (zg — J,zo + §) attains a maximum at xg. Similarly, f
attains a local minimum at z iff there exists 6 > 0 such that the restrction of f to X N (zg — d, 29 + 9)

attains a minimum at zg. A

Definition: Let X C R, z¢o € X be a limit point of X, and f: X — R be a function. If the limit

o f@) = fo)

z—xo;x€X —{zo} xr — o

(2)

converges to some L € R, then we say f is differentiable at xg on X with derivative L, and write
f'(wo) = L. A

Rolle’s Theorem: Let f : [a,b] — R be a function which is continuous on [a,b] and differentiable on
(a,b). Suppose also that f(a) = f(b). Then there exists zg € (a,b) such that f’'(z) = 0. A

Proof:
Since f : [a,b] — R is continuous, according to the Extreme Value Theorem, it attains both a
minimum and maximum on [a, b]. If the maximizers and minimizers occur at the endpoints, then

f :]a,b] = R is constant and so f'(z) = 0 for all x € (a,b). Otherwise, the function has either a
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maximizer or a minimizer at some point zg € (a,b). First suppose that f has a maximizer at z.

Then, using the definition of the derivative,

lim = f'(wo)
T—T0 Tr — X
Then for z < xg we have
fla) = fao)
T — xg
and for = > xg
fa) = o) _
T — xg
Hence
0< lim M <0
T—T0 Tr — X0

and so f’(z¢) = 0. Similar argument applies if z is a minimizer, but with the inequalities reversed.

This completes the proof. ]

Mean Value Theorem: Let f : [a,b] — R be a function which is continuous on [a, b] and differentiable
on (a,b). Then there exists ¢ € (a,b) such that

Proof:

Define ¢ : [a,b] = R by g(z) = f(x) — ma for some constant m € R. Note that g is differentiable
since f is differentiable and so also is mxz. We seek to apply Rolle’s Theorem, which requires
g(b) = g(a). Then note

1) = f(a)

gla)=g(b) & fla)—ma=fb)—mb & mb—-a)=fb) —fla) & m= T

Then by Rolle’s theorem there is ¢ € (a,b) such that ¢’(¢) = 0. Thus, ¢'(¢) = f'(¢) —m = 0, which

implies the desired relation, i.e.,
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2.2 Fixed Point Methods

Definition: For metric spaces X and Y, a function f : X — Y is a contraction if it is Lipschitz with
constant L < 1. AN

Banach Fixed Point Theorem: Let (X, d) be a non-empty complete metric space with the contraction
mapping 7" : X — X. Then T admits a unique fixed-point z* € X, i.e., T'(z*) = z*. Moreover, for
arbitrary xzo € X, defining {z,} by xn4+1 = T'(x,) converges to z*. A

Proof:
First we will show that such an z* exists. Let g € X. Then define z,,41 = f(x,) and note this
implies

d(Tn+2, Tnt1) = d(f(Tnt1), f(7n)) < Ld(Tnt1, 7).

Thus, by induction, d(zp11,z,) < L™d(x1,z0). Then for m > n we have

d($m, xn) < d(.’L’n, xn—l—l) R d(l'm—la xm)

IN

m—1
Z Lid(ZEo, Il)

IN

L. d(ffo,l'l) . ﬁ

However, because L < 1, we see L™ -d(xg,z1)/(1 — L) — 0 as n — o0, and so, by the comparison
lemma, {x,}5° is Cauchy. Since X is complete, it follows that {x,}°; has a limit in X, which

we denote by z*. Then

o= Jim = i g = i S = (fim o) = )

where we can bring the limit into the argument of f since f is Lipschitz and, therefore, continuous.
Thus, z* = f(x*).

All that remains is to show uniqueness of z*. Suppose also we have y* € X such that f(y*) = y*.

If d(z*,y*) > 0, then, using the fact that L < 1,

d(”,y*) = d(f(z%), f(y")) < Ld(z",y") < d(z",y7).

But, d(z*,y*) < d(z*,y*) is a contradiction. Hence d(z*,y*) = 0 and so z* = y*. Hence the fixed

point must be unique. O
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2.3 Integration

Definition: Let a,b € R with a < b. A partition of the closed interval [a, ] is a finite sequence of numbers
Zg,...,TN such that a = zg < z1 < --- < zy = b. The width of the partition is defined to be

width = max{x; —z;—1 | i=1,2,...,N}.

A
Definition: Let f : [a,b] — R and zo,...,xy be a partition of [a,b]. Then a Riemann sum for f
corresponding to the given partition is given by
N
Zf(wg)(xz 1)
i=1
where ;1 <z <ux; foreachi=1,...,N. A

Definition: We define the upper and lower Riemann sums, respectively, of f with respect to a partition
P={L,...,1,} of a bounded interval [a, b] by

n

U(f;P)=)_ |supf | x| and L(f;P)=) (inf f) It (4)
k=1 \ Ik =1 \TE
Let IT denote the collection of all partitions of I. We define the upper and lower Riemann integrals of f

on I by

U(f)= nf U(f;P) and L(f)= sup U(f; P). (5)

A

REMARK: One way to define Riemann integrability is as follows. A bounded function f : I — R defined
on a bounded interval [a, b] is Riemann integrable on [a,b] if its upper integral U(f) and lower integral

L(f) are equal. Below is a more concise definition of Riemann integrable A
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Definition: Let a,b € R with a < b and let f : [a,b] — R. We say that f is Riemann integrable on
[a,b] if there exists A € R such that, for any € > 0, there is a § > 0 such that |S — A| < & whenever S is
a Riemann sum for f corresponding to any partition of [a,b] of width less than §. In this case, A is called
the Riemann integral of f between a and b and is denoted by f: f(x) de. A

Lemma: A function f : [a,b] — R is Riemann integrable on [a, b] iff, given £ > 0, there exists 0 > 0 such
that |S; — S2| < & whenever S; and Sy are Riemann sums for f corresponding to partitions of [a,b] of
width less than §. A

Change of variables theorem: Let U,V be open intervalsin R, ¢ : U — V be continuously differentiable,
and f: V — R be continuous. Then for any a,b € U

o(b) b
/ f(v) dv = / F((w)(w) du.
¢(a) a

Proof:
Let F : V — R be defined by F(y) = f;j(a) f(v) dv for all y € V. Then F is differentiable and
F’' = f. The function G : U — R defined by

G(z) = /¢ CRE (6)

is the composition G = F o ¢ of two differentiable functions and, thus, is differentiable itself. By

the chain rule, G'(x) = F'(¢(z))¢'(x) = f(¢(z))¢'(x) for all x € U. Hence we may write

Gz) = / " (o) (u)du + ¢ (7)

for some ¢ € R. Equation (6) implies G(a) = 0, and so ¢ = 0. Then taking x = b, we may equate

the right hand sides of (6) and (7) to obtain the desired relation.
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First Fundamental Theorem of Calculus: Let f : [a,b] — R be continuous and define F': [a,b] — R
by

Flz) = / " r) at.

Then F is uniformly continuous on [a, b], differentiable on (a,b), and F'(z) = f(z) for all z € (a,b). A

Second Fundamental Theorem of Calculus: Let fla,b] — R and Fla,b] — R be such that F is
differentiable and F'(z) = f(x) for all x € (a,b). If f is Riemann integrable on [a, b], then

b
/ f(z) dz = F(b) — F(a).
A

Mean Value Theorem for Integrals: Suppose the function f : [a,b] — R is continuous. Then there

exists g € [a, b] at which
b
/ f=f(xo)-(b—a).
A
Cauchy Mean Value Theorem: Suppose f[a,b] — R and g : [a,b] — R are continuous and that their

restrictions to the open interval (a,b) are differentiable and that ¢'(z) # 0 for all z € (a,b). Then there is
a point zg € (a,b) at which

A
Archimedes-Riemann Theorem: Let f : [a,b] - R be a bounded function. Then f is Riemann

integrable on [a, b] iff there is a sequence of partitions {P,} of the interval [a,b] such that

n—oo

Moreover, for such a sequence of partitions,

b
lim L(f,P,) = lim U(f, P,) :/ I

n—00 n—o0
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A

First Fundamental Theorem of Calculus: Let f : [a,b] — R be Riemann integrable. Let F : [a,b] — R

be the function
F(x) ::/[ ]f. (8)

Then F' is continuous. Also, if 2y € [a,b] and f is continuous at zp, then F' is differentiable at xy and
F'(x0) = f(zo). A

Second Fundamental Theorem of Calculus: Let f : [a,b] — R be Riemann integrable. If F': [a, b] —

R is an antiderivative of f, then

f=F(b) - F(a). 9)

[a,b]
A

Definition: Let E C R and f : E — R be a function. If a is an interior point of FE, we say that f is
real analytic at a if there exists an open interval (a — r,a + r) in E for some r > 0 such that there
exists a power series centered at a which has a radius of convergence greater than or equal to r, and which
converges to f on (a —r,a+ 7). If F is an open set, and f is real analytic at every point a of E, then f is

real analytic on F. A
Sequences and series of functions

Definition: Let ()22 be a sequence of functions from one metric space (X, dx) to another (Y, d,), and

let f: X — Y be another function. We say that ( fM)_ converges pointwise to f on X if we have

n=1
Tim [ () = f(2) (10)
forall z € X, i.e.,
Tim dy (£ (2), f(z)) = 0. (11)

A

Definition: Let (f (”))Zozl be a sequence of functions from one metric space (X, dx) to another (Y, dy), and
let f: X — Y be another function. Then (J"("))jf’:1 converges uniformly to f on X if for every € > 0
there exists N > 0 such that dy (f" (z), f(z)) < ¢ for every n > N and z € X. The function f is the

uniform limit of the functions £, A
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Uniform convergence and integration

Leibniz differentiation under the integral sign: Let f(x,t) be a function such that both f(x,t)
and its partial derivative f,(z,t) are continuous in ¢ and z in some region of the (z,t)-plane, including
a(x) <t < b(x), o < x < x1. Also suppose that the functions a(x) and b(x) are both continuous and

both have continuous derivatives for xg < x < z1. Then for zg < x < z1 we have

b(=) g f

d( " t)dt)—f( b)) - ¥(x) - f(z,a(z) - '<>+/ 9 (5,1) at
dz \Jo@ ~ I ’ aw 9z
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2.4 Metric Space Topology and Analysis

Definition: An order (L, <) is Dedekind complete if the following two conditions hold:

i) Every A C L which is bounded above has a supremum in L, mean a <-least element z € L such that
€A = <z

ii) Every A C L which is bounded below has an infimum in L, meaning a <-greatest element z € L such
that z € A = 2 <uz.

A

Proposition: R is Dedekind complete.

Proof:

Let A C R be nonempty and bounded above, and let A’ = {x | 3y € A,z < y}. Indeed, every
upper bound for A is also an upper bound for A’, and vice versa. To show that A contains a
supremum in R, it then suffices to find the supremum of A’. If A’ has a largest element, this
element forms the supremum and we are done. Now suppose otherwise. Let f : N — @Q be a
bijection, and for each n € N let a,, = max{f(i) € A’ | 1 <i <n}. Then {a,}5°, is nonstrictly
increasing. And, the sequence does not have a largest element due to the density of Q and the
fact that A’ does not have a largest element. We may choose a subsequence {al,}5° ; of {a,}22,
which is strictly increasing. Using this, and the fact that A’ is bounded, we see [a),] € R. And [a},]
provides an upper bound for A’. Hence we have found our supremum. The proof for the infimum

follows similarly. (I am not sure about this proof. Seems to be lacking a couple details.) O

Definition: Any bijection between ordered sets A and B is an equivalence relation if it is symmetric,

reflexive, and transitive. A

Definition: A metric space (X,d) is a space X of objects, together with a metric d : X x X — [0, 4+00)

for which the following four axioms also hold:
a) For any z € X, d(z,z) = 0.
b) (Positivity) For any distinct z,y € X, d(x,y) > 0.
¢) (Symmetry) For any z,y € X, d(z,y) = d(y, z).

d) (Triangle Inequality) For any z,y,z € X, d(x, 2z) < d(z,y) + d(y, 2).
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Definition: Let (X,d) be a metric space. All points and sets mentioned below are understood to be

elements and subsets of X.

i) A neighborhood of p is a set consisting of all ¢ such that d(p,q) < r, for some r > 0. The number

r is called the radius of this set.

ii) A point p is a limit point of the set F if every neighborhood of p contains a point ¢ # p such that
qge E.

iii) If p € E and p is not a limit point of F, then p is called an isolated point of E.
iv) E is closed if every limit point of E is a point of E.
v) A point p is an interior point of E if there is a neighborhood N of p such that N C E.
vi) E is open if every point of E is an interior point of E.
vii) The complement of E, denoted E€, is the set of all points p € X such that p ¢ E.
viii) E is perfect if E is closed and if every point of E is a limit point of E.
ix) E is bounded if there is a real number M and a point ¢ € X such that d(p,q) < M for all p € E.

x) F is dense in X if every point of X is a limit point of F, or a point of E (or both).

Definition: Let (X, d) be a metric space, x € X, and r > 0. We define the ball Bx 4(zg,7) in X, centered

at xp, and with radius r, in the metric d, to be the set

Bx.q)(zo,7) :=={z € X | d(z,20) <71} (12)
A
Every neighborhood is an open set. A

Proof:

Consider a neighborhood F = B(p,r), and let ¢ € E. Then there exists a positive real number h
such that d(p,q) = r — h. For all points s such that d(g, s) < h, we have d(p, s) < d(p,q)+d(g,s) <
r—h+h=r,and so s € E. Thus, ¢ is an interior point of E. O
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If p is a limit point of a set F, then every neighborhood of p contains infinitely many points of E. A

Proof:

Suppose there is a neighborhood N of p which contains only a finite number of points of E. Let
q1,- - -, qn denote these points of NNE, which are distinct from p. Then define r := minj<m<n d(p, gm),
which is positive due to the fact that d(p, ¢n) > 0 whenever ¢, and p are distinct. Then the neigh-
borhood N, (p) contains no point ¢ of E such that ¢ # p, which implies p is not a limit point of E.

This contradicts our hypothesis and so the theorem follows. O

Definition: Let (X,d) be a metric space. Then X is totally bounded iff for every € > 0 there exists a

finite set of points x1,...,x, € X such that X = U ; B.(x;). AN
The metric space (X, d) is sequentially compact iff it is compact. A
Proof:

First assume X is compact and fix a sequence {z,}>°, in X. By way of contradiction, suppose
{zn};2; has no convergent subsequence. So, no z € X is a limit of a subsequence of {z,}>2,. This
implies there exists r, > 0 such that B(z,r,)N{x, | n € N} C {z}. The collection of sets B(z,r;)
for z € X form an open cover of X. By the compactness of X, there is a finite subcover of the
form

X C B(z1,r5)U---UDB(2k,12,).

But, then X N{z, | n € N} C{z,...,2:}. So, each z, is contained in {z1,...,z;}. It follows
from the pigeonhole principle that there is a z; with 1 < j < k that shows up infinitely many times
in the sequence {x,}>2 ;. Then there is a subsequence that is constantly z;. This subsequence then

converges to z;, which contradicts our assumption. The result follows.

Now suppose X is sequentially compact. Let U be an open cover of X and, by way of contradiction,
suppose there is no finite subcover of U. Now extract a countable subcover {V;,Va,...} of U. We
construct a sequence as follows. Pick 7 € Vi. Then for each successive n € N, pick z, ¢
ViU---UV,_1, which is possible since V3 U ---U V,,_1 does not cover X. Now, by assumption, X
is sequentially compact, which implies there is a subsequence of {z,}32 that converges to some
x € X. Because {V1,Va,...} forms a cover for X, there exists V;,, such that z € V,. But, then for
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each € > 0 such that B(z,e) C Vj,, there is n € N such that z, € B(z,¢) and so x,, € V;,. This
implies there is an infinite number of terms in Uy,, which contradicts the construction of {zy}22 ;.
Thus, the supposition that there is no finite subcover of X was false. Hence sequential compactness

implies compactness. 0

Definition: Let (X, d) be a metric space, let E C X, and let 9 € X. Then x( is an interior point of £
if there exists r > 0 such that B(xzg,r) C E. We say z is an exterior point of E if there exists r > 0
such that B(xg,r) N E = (. We say z( is a boundary point of F if it is neither an interior point nor an

exterior point of E. A

Definition: Let (X, d) be a metric space, E C X, and xg € X. Then z( is an adherent point of F if for
each 7 > 0, the ball B(zg,r) has a non-empty intersection with E, i.e., B(zo,7) N E # (). The set of all
adherent points of E is called the closure of E and is denoted E. A

Definition: Let (X, d) be a metric space and E C X. Then E is closed if it contains all of its boundary
points, i.e., )E C E. We say F is open if it contains none of its boundary points, i.e., OENE =0. If £

contains some of its boundary points but not others, then it is neither open nor closed. A

Theorem:
a) For any collection {G,} of open sets, U,G,, is open.
b) For any collection {F,} of closed sets, Ny Fy, is closed.
c) For any finite collection Gi,..., G, of open sets, NI";G; is open.

d) For any finite collection F1,..., F), of closed sets, U, F; is closed.

Let (X, d) be a metric space and E C X.
a) E is open iff E = intFE, i.e., for each x € E there exists r > 0 such that B(z,r) C E.

b) E is closed iff E contains all its adherent points, i.e., for every convergent sequence (a,)52,, in E,

the limit lim,,_, a,, of that sequence also lies in F.
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c) For any z¢ and r > 0, the ball B(zg,r) is an open set. The closed ball {x € X | d(z,z0) <r}isa

closed set.
d) If zp € X, then the singleton set {zo} is closed.
e) E is open iff X\ F is closed.

f) If E4,..., E, are open sets in X, then Fy N---N E, is also open. If Fy,..., F), is a finite collection
of closed sets in X, then F; U...U F}, is also closed.

g) If {Eq4}aer is a collection of open sets in X, then UyerE, is also open. If {F,}aer is a collection of

closed sets in X, then NyerFy, is also closed.

h) int(E) is the largest open set contained in E. E is the smallest closed set which contains E.

Definition: Let (X,d) be a metric space and Y C X and E C Y. Then E is relatively open with
respect to Y if it is open in the metric space (Y, dyxy). We say E is relatively closed with respect

to Y if it is closed in the metric space (Y, dyxy). A

Suppose Y C X. A subset of E of Y is open relative to Y iff £ =Y NG for some open subset G of X. A

Definition: By an open cover of a set F in a metric space X, we mean a collection {G,} of open subsets
of X such that £ C U,G,. A

Definition: A subset K of a metric space X is said to be compact if every open cover of K contains a

finite subcover. A

If £ C R"”, then the following properties are equivalent:
i) E is closed and bounded.
ii) F is compact.

iii) Every infinite subset of E has a limit point in E.
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Definition: Two subsets A and B of a metric space X are said to be separated if both AN B and AN B
are empty, i.e., if no point of A lies in the closure of B and no point of B lies in the closure of A. A set

E C X is said to be connected if F is not a union of two nonempty separated sets. A

Definition: A space X is path connected if for all zy, z; € X, there is a continuous function f : [0,1] — X

with f(0) = z¢ and f(1) = z1. A
Proposition: Path connectedness implies connectedness. A
Proof:

Suppose that a space X is not connected. Then there exists nonempty disjoint open subsets
Ap, A1 € X such that X = AgU A;. Then fix 9 € Ag and x1 € A;. By the assumption of path
connectedness, there is a continuous function f : [0,1] — X with f(0) = ; and f(1) = x;. Then
F~1(Ap) and f~1(A;) are nonempty since 0 € f~1(Ag) and 1 € f~1(A;). These sets f~1(A4g) and
f~1(A}) are open by continuity of f, and disjoint by definition of Ag and A1, and have union [0, 1]
since Ag U A; = X. This contradicts the fact that [0,1] is connected. Thus, we cannot have path

connectedness. The hypothesis follows through contraposition. O

A subset E of R is connected iff it has the following property: If z,y € F and z < z < y, then z € E. A
Proposition: The subset [a,b] C R is connected. A

Proof:

By way of contradiction, suppose there exist disjoint non-empty open sets A and B such that
AU B = [a,b]. Without loss of generality, suppose b € B. Clearly, [a,b] is bounded. Thus, A is
bounded and by the least upper bound principle, we can define ¢ = sup(A). Since [a,b] is closed,
c € la,bl.

First suppose ¢ € A. Then ¢ < b since b € B and AN B = (). And, since A is open, there exists
e > 0 so that B(c,e) N[a,b] C A. But, then ¢ + min{e,b — e} € A, which contradicts the fact that
c =sup(A4).

Now suppose ¢ € B. Note then ¢ # a since then we’d have A = {0}, which is closed. Thus,
¢ € (a,b]. Since B is open, there exists £ > 0 such that B(c,e) N [a,b] C B. But then ¢ — min{e, a}

is an upper bound for A, again contradicting that ¢ = sup A. Hence [a, b] must be connected. [
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Definition: A metric space (X, d) is complete iff every Cauchy sequence in (X, d) is in fact convergent in
(X,d). A

Let (X, d) be a metric space.
a) Let (Y,dyxy) be a subspace of (X,d). If (Y,dyxy) is complete, then Y must be closed in X.

b) Suppose (X,d) is complete and Y C X is closed. Then (Y, dyxy) is also complete.

Definition: A metric space (X, d) is sequentially compact iff every sequence in (X, d) has at least one

convergent subsequence. A subset Y C X is said to be compact if the subspace (Y, dy«y) is compact. A

Definition: Let (X, d) be a metric space, and let Y C X. Then Y is bounded iff there exists a ball B(z,r)

in X which contains Y. A

Definition: Let (X,d) be a compact metric space. Then (X, d) is both complete and bounded. A

Lemma: (C]0,1] is complete. A
Proof:

Let {f,} be a sequence in C[0,1]. We proceed in three parts. First we show the point-wise limit
function f exists. Then we show {f,} converges to this limit f in operator norm. Lastly, we verify

that f is continuous and, thus, is in C]0, 1].

Let z € [0,1] and € > 0 be given. Then since { f,} is Cauchy, there exists N € N such that for all

n,m > N we have

|fn(®) = fm(2)] < || fn — fmll <,

which implies that { f,,(x)} is Cauchy in R. Since R is complete, H_)m fn(x) exists. Since this holds
for each x € [0,1], we define f:[0,1] = R by f(z) = 1i_>m fn(z) for each x € [0, 1].
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To show {f,} converges to f in operator norm, given £ > 0, we must find N € N such that
| fn — fl| < e whenever n > N. Since {f,} is Cauchy, there is N € N such that ||f, — fm| < /2
whenever n,m > N. So, since the metric of a vector space is continuous, lim ||f,—f~| = ||f— fn]|
and so |[f — fx| < /2. Thus, e

If = fall <N fu = INI+1F = SNl <e

whenever n > N.

Now we show f is continuous. Since each f,, is continuous, for each z¢ € [0, 1] there is § > 0 such
that | f,(z) — fu(zo)| < €/3 whenever x € [0, 1] with |z — z¢| < 4. So, Since the f,, converge to f in
operator norm, there is an N € N such that || f,, — f|| < &/3 whenever n > N. Thus, if |z — o] < J,
then

£ (@) = fzo)| < [f(2) = fn(@)] + [ful2) — i (z0)| + | fn(20) = f(0)]
1f = Inll =+ [fn(@) = fulzo)[ + [[fx — [l
e/3+¢/3+¢/3

:67

IA

IN

and so f is continuous at xy. Since xy was arbitrary in [0, 1], it follows that f is continuous on
[0,1]. Thence f € C]0, 1] and we are done. O

Let (X,d) be a metric space and Y C X be compact. Let (V;);cr be a collection of open sets in X that

covers Y, i.e.,
Y C UierVie (13)

Then there exists a finite subset ' C I such that

Y C UierVi. (14)
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Definition: A Baire space is a topological space with that property that for each countable collection of

open dense sets {U,}72 , their intersection N U, is dense. A

Baire Category Theorem: Every complete metric space is a Baire space. Equivalently, a non-empty
complete metric space is not the countable union of nowhere-dense closed sets. Equivalently, if a non-empty
complete metric space is the countable union of closed sets, then one of these closed sets has non-empty

interior.! A
Baire Category Theorem: Every locally compact Hausdorff space is a Baire space. A

Stone-Weierstrass Theorem: Suppose f|a,b] — R is continuous. Then V ¢ > 0, there exists a polyno-
mial p(z) such that V x € [a,b], |f(x) — p(x)| < €, or equivalently, ||f — p|loec < €. A

Taylor’s Theorem: Let f : [a,b] — R and suppose f"~1 is continuous on [a,b] and £ exists on (a,b)
for some n € N. Also let zg € (a,b). Then there exists a point & between g and z € [a, b] such that

o) (g (n)
f(z) = Z fk(!O)(gU — 20)¥ + S (z — x0)".

A

Cauchy Integral Remainder Formula: Let f : [a,b] — R and suppose f has n derivatives and f (n) jg

continuous on [a, b] for some n € N. Then for each point = € [a, b]

n—1 (k) - 2
fl@)y=>" Jck(!())(:c —z0)k + ;,/ FM @) (x — )™ dt.

k=0

Proof:

Use induction and integration by parts. The base case if the fundamental theorem of calculus. [

!See Kreyzig’s text on this. It provides solid explanation.
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3 Linear Algebra

Definition: The rank is the dimension of the image of an operator and the nullity is the dimension of the

kernel of an operator. A

Rank-Nullity Theorem: Let V be a finite dimensional vector space and T': V' — V be linear. Then

dimV = dimim7 + dimker 7. (15)
This is also known as the Fundamental Theorem of Linear Maps in Axler’s text. A
Proof:
Let wui,...,um, be a basis of kerT so that dimkerT = m. This can be extended to a basis
UlyevvyUm,V1,...,0, Of V where dimV = m + n. So, we need only show dimim7T = n, which
we do by showing Tvy,...,Tv, is a basis of imT.
Let v € V. Then there are unique scalars a1, ..., am,b1,...,b, such that
v=a1u1 + -+ Gl + b1vy + - -+ byvy,. (16)
Then
Tv =T (a1u1 + - + Qmim + bivy + - - + bpvy)
=a1T(ur) + -+ anT(upm) + 01T (v1) + -+ - + b, T (vy) (17)
= blT(’Ul) —+ e+ bnT(’Un)
where the final equality holds since u1, ..., u,;, € kerT. This shows imT is spanned by Tv1,...,Tv,.
All that remains is to show these vectors are linearly independent. Thence suppose there are
c1,...,Cpy such that
0=c1T(v1)+ -+ ey T(vy) =T(crv1 + -+ crvn) (18)
where the second equality holds by linearity of 7. This implies civ; + - -+ + ¢,v, € ker T. Since
Ui, ..., Uy, form a basis for ker T', there are scalars di, ..., d,, such that
vy + e =diug + - dpty, = 0=cio1 4+ cpup —diug — - — dpp U, (19)
Since v1,...,Un,U1,..., Uy forms a basis for V', these vectors are linearly independent and so

all the ¢;’s and d;’s must be zero. Returning to (18), we have that T'(v1),...,T(v,) are linearly

independent, as desired. This completes the proof. [l
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Lemma: Suppose T : V — V is linear. Let Ai,...,\,, be distinct eigenvalues of T" and wvy,...,v,, be
corresponding eigenvectors. Then {v1,...,v,,} is linearly independent A
Proof:
By way of contradiction, suppose otherwise. Let k be the smallest index such that v € span(vy, ..., vg_1).
Then there are aq,...,ag_1 not all zero such that
Vg = aiv1 + -+ Qp—10k—1. (20)
Then

Mok =T (a1vy + -+ + ap—1v4—1)
=a1T(v1) + -+ ap—1T(vk—1) (21)
= a1 AU + -+ Qg1 Ag—1Vk—1.

Multiplying (20) by Ax and subtracting (21) we obtain
0= (Ax — A)vp = a1( Mg — Ar)vr + - - + ap—1(Ap — Ap—1)Vp—1- (22)

By hypothesis, A\ — A; # 0 for 5 = 1,...,k — 1. Furthermore, by our initial assumption,
{v1,...,vk_1} is linearly independent. Hence a; = --- = ax_; = 0. But, this implies v = 0,
which cannot be the case since eigenvectors are, by definition, nonzero. Hence the initial assump-

tion was false and we conclude {v1, ..., vy} is linearly independent. O

Schur’s Theorem: Suppose V is a finite-dimensional complex vector space and T : V — V is a linear

operator. Then T has an upper-triangular matrix with respect to some orthonormal basis of V. A

Definition: Let V, W be finite dimensional vector spaces and suppose T : V' — W is a linear operator. Then
the adjoint of T is the function 7% : W — V such that (Tv, w) = (v, T*w) for every v € Vandw € W. A

Proposition: Properties of the adjoint:
a) (S+T) =8*+T"for S,T € L(V,W).
b) (AT)* = AT* for all A € F and T € L(V,W).

c) (T*)* =T forall T € L(V, ).
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d) I* = I where I is the identity operator on V.

e) (ST)* =T*S* for all T € L(V,W) and S € L(W,U).

A
Proposition: More properties of the adjoint. Suppose T' € L(V,W). Then
a) null T* = (range T)",
b) range T* = (null T)*,
c¢) null T = (range T%)*,
d) range T = (null T*)+.
A

Definition: An linear operator T': V' — V is called self-adjoint if ' = T*, i.e., if (Tv,w) = (v, Tw) for all

v,weV. A
Proposition: Every eigenvalue of a self-adjoint operator is real. A
Proof:

Suppose T : V' — V is self-adjoint. Let A be an eigenvalue of T', and let v be a nonzero vector in
V such that Tv = Av. Then

Mv|? = v, v) = (T, v) = (v, Tv) = (v, \v) = Av|°. (23)

Thus, A = A, which implies that \ is real, as desired. ]

Definition: A linear operator T : V' — V on an inner product space is normal if it commutes with its
adjoint, i.e., if TT* =T*T. AN

Complex Spectral Theorem: Suppose V is a finite dimensional vector space over C and T : V — V is

a linear operator. Then the following are equivalent:
a) T is normal.

b) V has an orthonormal basis consisting of eigenvectors of T'.
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¢) T has a diagonal matrix with respect to some orthonormal basis of V.

A

Real Spectral Theorem: Suppose V is a finite dimensional vector space over C and T : V — V is a

linear operator. Then the following are equivalent:
a) T is self-adjoint.
b) V has an orthonormal basis consisting of eigenvectors of T

c) T has a diagonal matrix with respect to some orthonormal basis of V.

Definition: A linear mapping T : V' — V is called positive if T is self-adjoint and (Tw,v) > 0 for all
veV. A

Definition: An operator R is called a square root of an operator T if R? = T. A

Proposition: Let T : V — V be a linear mapping. Then the following are equivalent:
a) T is positive.
b) T is self-adjoint and all the eigenvalues of T" are nonnegative.
c) T has a positive square root.
d) T has a self-adjoint square root.

e) There exists a linear operator R : V' — R such that T'= R*R.

Definition: A linear operator S : V' — V is called an isometry if ||Sv|| = ||v|| for all v € V. If the inner
product space is real, then S is also called an orthogonal operator. If the inner product space is complex,

the S is also called a unitary operator. A
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Cayley-Hamilton Suppose V' is complex vector space and T' : V — V is linear. Let ¢ denote the

characteristic polynomial of 7. Then ¢(7") = 0. AN
Proof:
Let A1,..., ), be the distinct eigenvalues of T" and dy, ..., d, the dimensions of the correspond-
ing generalized eigenspaces E),,...,E,. We claim the restriction of (T" — A\;I) to Ej; (ie.,

(T—/\jI)\EA_) is nilpotent for each j € {1,...,p}. This implies (T—)\j)di}EA = 0. And,
j j
V = E\ ©---® E),. Thus, to prove ¢(T') = 0, it suffices to show q(T)\EA_ = 0 for each j.
J
So, fix any 7 € {1,...,p}. Then

q(T) = (T — M D)% - (T — N\, D). (24)

Note the operators on the right hand side commute. This implies we can move (T'— A\; 1 )% do to be
the last term on the right hand side. And, (T — \;I)% ’Ex = 0. Thence ¢(T)|g, =0, as desired.
J J

All that remains is to verify (T'— A;I)|p, is nilpotent. O
J

3.1 Matrix Exponentiation & Related Topics

Definition: The norm of a matrix A is defined by

[A} = sup{[|Az[| | = € R" and [lz[| = 1} (25)
where ||z|| denote the Euclidean norm in R"™. A
Proposition: For matrices A, B, | AB|| < ||Al||| Bl A

Proof:
For any = € R™ with ||z|| = 1 observe that

Bz

[Ba] (26)

4] > HA

’:HABﬂI>HABxH
Bl — 1Bl

which implies |ABz|| < ||Al|||B]|. Since x is an arbitrary unit vector in R", we must have || AB|| <
IA[[B]]- 0
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REMARK: By induction, the above proposition implies ||A"|| < || A]|™. A

Definition: For a linear operator T': V — V, where V is a finite dimensional inner product space, we

define the exponential of T" to be
oo Tn
exp(T) =

n=0

nl’

A

Remark: Consider the IVP: 2/(t) = Az and z(t9) = xo where A is a square matrix with real or complex

scalars. This can be solved using matrix exponentials. Indeed,

x(t) = zoexp (A(t — to)) .

Since exp(0) = 1y, this choice of x(t) gives the correct initial value. Through expanding out the series, we

also see that 2/(t) = Ax(¢). A
Suppose A € My, (C). Prove that if ||A|| < 1, then I — A is invertible. A
Proof:

We first show I — A is invertible iff 1 is not an eigenvalue of A. We argue by proving the con-
trapositive of each implication in this claim. First suppose 1 is an eigenvalue of A. Then there
is nonzero v € C" such that (I — A)v = 0, implying that I — A is not one-to-one and, thus, not
invertible. Hence if A is invertible, then 1 is not an eigenvalue of A. Now suppose A is singular.
Then det(I — A) = 0, which implies 1 is an eigenvalue of A. Hence if 1 is not an eigenvalue of A,
then I — A is invertible.

If 1 is an eigenvalue of A, then there is a unit vector v € C" such that ||A| > [|Av| = ||v| = 1.
Thus, if [|A|| < 1, then 1 is not an eigenvalue of A and so ||A|| < 1 implies I — A is invertible. [
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3.2 Determinants

Definition: The determinant of an n x n matrix A = (a; ;) is given by

det(A) = Y sgn(o) [ [ aive)
=1

O'ESn
where sgn denotes the sign function and the sum occurs overall all permutations o of the set {1,2...,n},
which is the group Sj,. A
Proposition: If A is an n x n matrix, then det(—A) = (—1)" det(A). A

Proof:
Let B = (b;jj) = —A. Then b;; = —a;; and, using the definition of determinant,

det(—A) = det(B) = > sgn(0) [J bioes

oc€Sh i=1
= Z sgn(o) H “Oio(i)
oESH i=1
= Z sgn(o)(—1)" H i 5 (1)
oESH i=1
= (=" Z sgn (o) Hai,o(i)
c€Sn i=1
= (—1)"det(A).
]
Proposition: The set of invertible matrices is dense in M, x,(C). A

Proof:

First note the set of invertible matrices is nonempty since the identity matrix I is itself invertible
with I = I71. Let A € Myx,(C) be given. If A is invertible, then we are done. So, suppose A4 is
singular. Given € > 0, we must show there is an invertible matrix within a distance € of A. Then
let B € M« (C) be invertible and define L : R — M« (C) by L(t) = (1 —t)A+ tB. Now define
p: R — R by p(t) = det(L(t)) and note that p is a polynomial. Moreover, p is not identically
zero since p(1) = det(B) # 0. Also, p(0) = det(A) = 0 and since p is a polynomial, it has only
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finitely many zeros to, ..., t,. So, define d = min{|t;| | i =1,...,n and ¢; # 0}. Then p(¢) # 0 for
t € (—d,d) — {0}. Now define 6 = min{d/2,e/||A — B||}. Then p(§) = det(L(J)) # 0 and so L(J)

is invertible. Moreover,
A= L) =lA— (1 -0]A+B)| =6[|A—-B| <e,

as desired. O

Canonical Forms Ezample: Suppose A is a 12 x 12 complex matrix with minimal polynomial (¢ — \)® where
A € C is an eigenvalue of A. Suppose also that dim(ker (4 — AI)) = 4 and dim(ker (A — \I))? = 6. What
is the Jordan form of A?

Proof:

Since dim(ker (A — AI)) = 4, we know there are 4 Jordan blocks. Since dim(ker (4 — \I)?) —

dim(ker (A—AI)) = 2, we know there are 2 Jordan blocks of size > 2. Hence 2 of the Jordan blocks

are of size 1. From the minimal polynomial, we know one Jordan block is of size 6. The remaining

Jordan block must then be of size 12 — 1 —1 — 6 = 4, and we are done. ([l
If J is a matrix in Jordan form, then J* and .J are similar. A
Proof:

Here we provide a proof sketch. Simply note for a Jordan matrix

o O O
S O > =
S > = O
> = o O
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that

— o o o
o~ o o
o o~ o
o o o
S O > =
o > = o
> = O O
c oo > S~
— o o o
o = o O
o o~ o
o o o

O O O B O Sce—m——

_= o O O
> = O O
S > = O
S O > =

— O © O >

S O = >
o = > o O = o o
_ > oo @ © = o
> o o o

=J.

This completes the sketch. O

Example: Find an invertible matrix P such that J = PAP~! is in Jordan canonical form where

-2 2
A=| -7 4
5 0

Proof:

We first compute the eigenvalues of A to see

XA(A) = det(A = AI) = (=1)*71(5)(2-2 = [4 = A]) + (=1)* PP (= A)([2 = Al[4 — A] + 14)
=5\ — A(\? — 2\ +6)

(=N (M2 =2X+1)

(=)A= 1)%

So, the eigenvalues are 0 and 1 with multiplicity 1 and 2, respectively. The kernel of A — 07 is

found by row reducing the linear system (A — 0I)xz =0, i.e.,

-2 2 110 1 0 00
-7 4 2|0 |~ 02 1|0 |,
5 0 0|0 0 0 0|0
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which implies ker(A — 0I) = span{(0, 1,—2)}. Similarly, from the linear system (A — 1I)x = 0 we

see
32 1| 0 11 0|0
r1+x20=0
732 0l~|035 1]0 N
5 0 0|—1 00 0|0 bz + 23 = 0.

Letting x9 = 1, this gives (x1,x2,23) = (1,—1,5), i.e., ker(A — 1) = span{(1, —1,5)}. Similarly,

2

-2 21 0 0 0
ker(A— 112 =ker | —7 4 2 | =ker 10 —5 —3 | =span{(1,2,0),(1,—-1,5)}.
5 0 0 —20 10 6

Thus, letting P = [v1 vy v3] where v; corresponds to the i-th eigenvector,

0 00 0 11 -2 21 0 11
011 |=J=PAP'= 1 -1 2 ~7 4 2 1 -1 2
0 01 -2 5 0 5 -2 5 0
(|
Cauchy-Schwarz inequality: | (u,v) |2 < (u,u) - (v,v), or | (u,v)| < ||ul|||v]|. A
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4 Example Solutions

4.1 Old Basic Exam Solutions

2001

F01.01: Let K C R be compact and f : K — R be continuous. Prove there exists x¢g € K such that
flx) < f(xo) for all z € K.

Proof:

Suppose f is not bounded above on K. Then, for each n € N, there exists x,, € K such that

f(zyp) > n. This defines a sequence {x,}. Because K is compact, it is closed and bounded. So, by
the Bolzano-Weierstrss theorem, there exists a convergent subsequence {zy, } of {x,}, whose limit
we shall denote by z*. Since K is closed, * € K. Because f is continuous, we know {f(zp,)}
converges to f(z*). But, f(z,,) > ni > k for each k € N, which implies {f(zy, )} diverges to oo,

a contradiction. Hence f is bounded above on [a, b].

By the Dedekind-completeness of R, a least upper bound M of f exists. We seek to find zg € K
such that f(z9) = M. Let n € N. Since M is the least upper bound, there must exists d,, € [a, b] so
that M — 1/n < f(d,). This defines a sequence {d,,}. Since M is an upper bound for f, it follows
that M —1/n < f(d,) < M for each n € N. Therefore, {f(d,)} — M.

The Bolzano-Weierstrass theorem tells us there exists a subsequence {d,, }, which converges to some
x0, and, since K is closed, o € K. Since f is continuous at xq, the sequence {f(d,,)} — f(zo).
But, {f(dn,)} is a subsequence of {f(dy)}, which converges to M. Hence M = f(x(). Therefore,
f attains its supremum value at g so that f(x) < f(xo) V x € K. O

F01.02: Let a, = (—1)"/n for each n € N and let @ € R. Prove there is a bijection ¢ : N — N such that

Z aa(n) = .

n—1

Proof:
First, we note by the alternating series test that Y ° | a, converges (since {1/n} — 0 as n — co)
while the harmonic series Y ° | |ay| diverges. That is, our series is conditionally convergent. For

the remaineder of this proof, see F08.5. ([l
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F01.03: Let E be the a set of real numbers and {f,} be a sequence of continuous real-valued functions on
E. Prove that if f,,(z) converges to f(x) uniformly on E, then f(z) is continuous on E. (Recall that f,(z)
converges to f(x) uniformly on E means that for € > 0 there is an N € N such that whenever n > N and
z€E, [fulz) - f(z)] <e.)
Proof:
We first show that if each f,, is continuous at a point zg € F, then so must be f. Let € > 0 be
given. To show that f is continuous at xg, we must find a § > 0 such that whenever z € F and
|x — x| < 0, |f(x) — f(xo)| < e. Using the convergence of {f,}, there exists N € N such that
whenever z € E and n > N, |fu(x) — f(z)| < /3. Also, by the continuity of fy, thereisa é >0
such that |z — zo| < ¢ implies |fy(x) — fn(z0)| < /3. Thus, whenever |zg — z| < 0,

|f(z0) = f(@)] < [f(w0) — fn(zo)| + [fn(w0) — fn(x)| + | fn(z) — f(2)] <e/3+¢e/3+¢e/3=¢.

Since zo was chosen arbitrarily, this holds for all x € E. This implies that f is continuous. O

F01.04: Let S be the set of all sequences {x,} such that for all n € N, z,, € {0,1}. Prove there does not
exists a one-to-one mapping form the set N onto the set S.
Proof:
By way of contradiction, suppose there exists a bijection o : N — S. Then, for each n € N, define
the sequence {z,,} by 1 if o(n), is 0 and 1 if o(n), is 0. Then {z,} € S. This implies there exists
M € N such that {z,} = (M) and so xp; = o(M)ys. But, this contradicts the choice of {x,}.

Hence no such bijection o can exist. O
2 : . . . o of of
F01.05: Suppose that f : R — R is a continuous function such that partial derivatives 9z and 90 of
T Y
: : O*f O*f . :
f exists everywhere and are continuous everywhere, and and also exist and are continuous
0zxdy Oyox
everywhere. Prove that
o0 f _ 0% f
oxdy  Oydx’

Proof:
We shall prove the theorem for zp = 0 € R2. The general case directly follows by replacing f(z)
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with f(z + z9). For notational convenience let eq, ea denote the standard basis vectors for R? and

set x1 := x and x5 := y. Then define

_ 9 (9oF r._ 9 (9f
a:= Fr (83:2) (20) and a := Da (83:1) (20).

We seek to show a’ = a. Let ¢ > 0 be given. Since our double derivatives of f of interest are

continuous, there is a § > 0 such that

0% f
8&?1 &Tg

0% f

/
—d| <
02011 (2) —a c

(2) —a| <e and

whenever |z| < 20. Now define the quantity

X = f(de1 + dez) — f(der) — f(de2) + f(0).

From the fundamental theorem of calculus, we have

0 0
0 0
f(der + dea) — f(de2) —/ —f(xlel +dez) dzy and  f(der) — f(0)= / —f(xlel) dxq
0 Bxl 0 8%1
and hence 5
0 0
X :/O (ai(l‘lel —1—562) — axfl(l‘lel)> dx.

But by the mean value theorem, for each x; we have

of
8x28x1

/ (x1e1 + dea) — 8—f(:1:161) =90

97 (z1e1 + z2e2)
By By 1e1 + x2e2

for some x9 € [0,0]. By our construction of 4, we thus have

0 0

ag‘i(azlel + deg) — ajl(:clel) —dal| < €.

Integrating from 0 to §, we thus obtain |X — §%a| < £6%2. We can run the same argument with the
subscripts 1 and 2 reversed to obtain | X — §2a’| < £62. From the triangle inequality it follows that
|6%a — 6%a’| < 2¢6? and thus |a —a’| < 2¢. But this is true for all ¢ > 0, and @ and a’ do not depend

on ¢, and so we must have a = a’ as desired. O

F01.07: If V is a real vector space and X is a subspace, let V* = {f :V — R | f islinear} be the dual
space of V and X* = {f € V* | f(z) =0V x € X} be the annihilator of X. Let T : V — W be a linear

transformation on finite dimensional real vector spaces. Recall that the transpose of T' is the linear map
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Tt : W* — V* defined by T¢(f) = f o T. Prove the following:
a) im(7)% = ker(T?).

b) dim(im(7)) = dim(im(7*)).

Proof:
a) By definition,
im(T) = {feW* | f(z)=0Vzcim(T)}

={feW* | f(T(x))=0VzxeV}

={feW* | (foT)(x)=0VzeV}
={few* | TUf)(z) =0V xecV}
={feW" | T(f) = Ow-}

= ker(T").

b) Let ej,...,en, denote a basis of im(7T") so that m = dim(im(7")). Then this basis can be
extended to a basis eq, ..., e, of W where m < n. The dual basis of ey, ..., e, consists of the
elements ¢1, ..., ¢, in W* defined by

1 ifk=j,

j(er) = . ,
0 ifk#j.

We claim {T%(¢;) 72, forms a basis for im(7"). Showing this will reveal the desired relation
dim(im(7")) = m = dim(im(7")). Indeed, for each ¢ € W* there are unique fi,...,03, € R
such that ¢ = B1¢1 + -+ + Bp¢n. Similarly, since T'(v) € im(T'), for each v € V there are

unique scalars aq, ..., a,, € R such that T'(v) = age; + - - - + amen. Thus, using linearity and

40 Last Modified: 4/18/2017



Basic Qual Notes Heaton

the definition of each ¢;,

j=1
=" (B + -+ Budhn)(e5)
j=1
= Z a;Bid;i(e;)
7j=1

J
(5 ¢1 + -+ ﬁmqu)(T(U))
(BIT (p1) +---+ 6mTt(¢m))<v)

where we note a;j¢;(e;) = ¢j(aje;) = ¢;(T(v)). This implies each element T%(¢) € im(T")
can be expressed as a linear combination of T%(¢;) for j = 1,...,m. Moreover, the choice of
B was unique and so {T*(¢;)}, is linearly independent. Hence {Tt(gb])}m form a basis for

im(7") and we are done.
g

F01.09: Let A be a real symmetric matrix. Prove that there exists an invertible matrix P such that P~ AP
is diagonal. [You cannot just quote a theorem, but must prove it from scratch.]
Proof:
Let T : V — V denote the linear operator associated with the matrix A where V' = R"™. Then
T is self-adjoint. We claim there exists an orthonormal basis of V' consisting of eigenvectors of T',
which implies T' can be represented by a diagonal matrix relative to an orthonormal basis. Indeed,
if {v1,...,v,} is an orthonormal list of eigenvectors of T', then define P = [v; --- vy,] to be the

matrix consisting of the column vector of A. Then the ij-th entry of PT P is
(PTP)ij = <Uz‘,1}j> = (Sij

where 0;; denotes the Kronecker delta. Thus, PTP =T and so PT = P~!. Moreover, the ij-th
entry of the product P~ AP is then

(PTAP)ij = ([v1 -+ va] " [avn -+ Agonl)ig= (vi, Ajus) = Aj (vi, v5)= A;dij
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and so P~'AP is the diagonal matrix diag(\y,...,\,) where ); denotes the eigenvalue of v; for

1=1,...,n.

All that remains it to prove there exists an orthonormal basis of V' consisting of eigenvectors of
T. We proceed by induction on the dimension of V. If dim V = 1, the claim holds trivially.
Suppose the claim holds for some dimension k£ > 1, and let dim V = k4 1. Let v denote a nonzero
eigenvector of T, W = span(v), and define ugy; := v1/[|v1]|, a unit vector in W. Since v is an

eigenvector of T', the subspace W of V is invariant under 7. And, for w € W and z € W+ we have
(Tz,w) = (z,Tw) =0

where the first equality holds since T is self-adjoint and the second because Tw € U and z € U+,
Thus, it must follow that Tz € W so that W is invariant under 7. Moreover, the restriction
T|y of T to W+ is self-adjoint since for , z € W+ we have

<(T’U)y7 Z> = <Ty7 Z) = <y7TZ> = <y7 (T’U)Z>

Thus, the restriction of T to W is a symmetric operator. However, dim W+ = k since dim W = 1
and so, by the induction hypothesis, there is an orthonormal basis {ui,...,u;} of W consisting
of eigenvectors of the restriction of T' to W and, thus, of 7. And, (upy1,uj) =0 for j =1,....k
since u; € W+, Hence {uy,...,upq1} is an orthonormal set, consisting of eigenvectors of 7', and

we have closed the induction, thereby proving the claim. O

F01.10: Let V be a complex vector space and T : V — V be a linear transformation. Let v1,...,v, be
non-zero vectors in V', each an eigenvector of a different eigenvalue. Prove that {vi,...,v,} is linearly
independent.
Proof:
We shall proceed by induction on n. Of course, if n = 1, and ajv; = 0 with a3 € C, then a;y =0
since v1 # 0. Now, suppose the hypothesis holds for some set of k eigenvalues v1,...,vx. Then
suppose there are scalars aq,...,ar+1 € C such that a collection of k + 1 eigenvectors vy, ..., vg+1
satisfies

a1v] + -+ Vg1 = 0. (27)

Then, using the linearity of T',

0="T(0) = T(a1v1 + -+ + Qpy1Vk41) = QLAIVL + - + Qg ] N 1 V41 (28)

42 Last Modified: 4/18/2017



Basic Qual Notes Heaton

Now, subtracting Ax+1 multiplied by (27) from (28) gives

0
0=oa1(Agg1 — A)vr + -+ Oék+1Wk+1 = a1 (M1 — A)vr + -+ ap(Aprr — i) vk

Since the \;’s are distinct, it follows that (Ag4+1 — A;)v; is a nonzero scalar multiple of an eigenvector
of T" and, thus, is also an eigenvector of T" for ¢ = 1,..., k. This implies we have a collection of k
non-zero eigenvectors of 1" with distinct eigenvalues. By the inductive hypothesis, these are linearly

independent and so a; = ag = -+ - = o = 0. Returning to (27), this implies

0=0v; +0vg+ -+ 0vg + Apr1Vk+1 = Qfr1Vk+1 = ag+1 =0

since vp+1 # 0. Thus, each «; is identically zero for ¢ = 1,...,k + 1 and we have closed the
induction. Hence, such a collection {v1,...,v,} of non-zero eigenvectors with distinct eigenvalues
is linearly independent for each n € IN. g

43 Last Modified: 4/18/2017



Basic Qual Notes Heaton

2002

WO02.01: a) State some reasonably general conditions under which this “differentiation under the integral

d b baf
dx/a f(z,y) dy:/a %dy-

b) Prove that the formula is valid under the conditions you gave in a).
Proof:
0
a) Let f : [a,b] X [¢,d] — R. Suppose a—f exists on (a,b) x [c,d] and extends to a continuous
x

sign” formula is valid:

function on [a b] X [¢,d]. Then the differentiation under the integral sign formula holds.

b) Define u(z f f(z,y) dy. Then for h with z + h € [a, b] we have
— — 0
(a;—i—h u(x / o (2.9) dy‘ (f(a:—i—hh f(x)_(%v“(x’y)) dy‘
' flz+h)—flx) Of
< [|(fer —%@mﬂdy

Let € > 0 be given. To prove the desired relation, it suffices to find § > 0 such that the left
hand side is less than € whenever |h| < ¢. By the Mean Value Theorem, there exists ¢ € (0,1)

such that ( ) (@)
of fle+h)— f(x
Y (x + ch,y) = .
81’ (x + c 9 y) h
Now, since —= is continuous on the compact set [a, b] X [c, d], it is uniformly continuous. Then

x
we can choose ¢ > 0 such that [|(z,y) — (2/,¢)|| < implies

0 0
'a‘;(x,vy/) - ai(x)y)’ < bia,

Using the above, for |h| < 4, it follows that

(x—l—h —u(x /a o9) dy‘</b (f(:c—l-h]i—f(m)_gi(x’y))‘ dy
b
= [t et - S wn| a
boe
< . b—a
=e,

and we are done.
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W02.02: Prove that the unit interval [0, 1] is sequentially compact, i.e., that every infinite sequence has a
convergent subsequence. [Prove this directly. Do not just quote general theorems like Heini-Borel.]
Proof:
Let {z,}°°; be a sequence in [0,1]. We proceed by induction to find a convergent subsequence.
Define Iy = [0, 1]. Then define ng = 0 and so, of course, z,, € Iy. Now, if there are infinitely many
terms in the left half of I, define I; = [0,1/2]. Otherwise, define I; = [1/2,1]. Then pick n; so
that z,,, € I;. This completes the base case. Now assume that for £ > 1 we have successively found
intervals in the fashion I; and n; so that x,,; € I; and |[;| = 277 for j =1,..., k. Now, if there are
infinitely many terms in the left side of Iy, define Iy ,; to be the left hand side of I;. Otherwise,
let 111 be the right side of Iy. Then pick ngq1 so that @y, ., € Ixy1. This closed the induction.
Let € > 0 be given. By the Archimedean Property of R, we can pick N € N so that 2=V < ¢ (n.b.
we could write this more directly using logarithms). Then for all i,5 > N it follows that

|, — @, | < [In| =27V <,

which implies that {z,, }32, is Cauchy. Because [0, 1] is complete, it follows that the Cauchy

subsequence {xy, }7°, converges. This completes the proof. O

W02.03: Prove that the open unit ball in R?, {(z,y) € R? | 2? +y* < 1} is connected. [You may assume

that intervals in IR are connected. You should not just quote other general results, but give a direct proof.]

Proof:

We begin by first proving two lemmas.

Lemma 1: The image of a connected set under a continuous function is connected.

proof: Let S be a connected set and f be a continuous function. Then suppose that f(.5) is not con-
nected, i.e., that there exists nonempty open disjoint subsets A, B C f(S) such that AUB = f(.5).
It follows that f~!(A) and f~!(B) are disjoint and non-empty. But, because f is continuous, it
further follows that f~!(A) and f~!(B) are open. So, these are nonempty disjoint open subsets of
S. In fact, since f(S) = AU B, it follows that f~1(A)U f~}(B) = S. But, this contradicts the fact

that S is connected. Hence f(S) must be connected.

Lemma 2: If a collection {S,}aer consists of connected sets and NaerSy # 0, then Uyer Sy is

connected. proof: Suppose U, S, = AU B for nonempty disjoint open subsets A, B. Then for each

45 Last Modified: 4/18/2017



Basic Qual Notes Heaton

ae€l, Sy,=(SyaNA)U(S,NB). Since Ny Sy # 0, there is z € S,. This implies either S, N A or
So N B is nonempty. Suppose, without loss of generality, that x € S, N A. Because S, is connected,
it follows that S, N B = (). However, this implies (UySy) N B = @), which contradicts our initial

hypothesis. Hence U,.S, is connected.

For each 6 € [0,27) define fp : R — R? be fy(t) = (tcos(f), tsin()). Clearly, each fj is continuous
and 0 € Ngejo,2x)fo([0, 1)). Moreover, since [0, 1) is connected, by Lemma 1, fp([0, 1)) is connected.
By Lemma 2, Upg(o 27).f¢([0, 1)) is connected. However, Upe(o 27 fo([0, 1)) is the unit ball in R? and
so {(z,y) € R? | 2%+ y? < 1} is connected. O

W02.04: Prove that the set of irrational numbers I in R is not a countable union of closed sets.
Proof:
By way of contradiction, suppose that I is a countable union of closed sets. Then there is a collection
{1}, such that I = U2 | I;,. This implies that

R = (U Ix) U (UqGQ{q}) .
I Q

This implies R is the countable union of closed sets. Hence, by the Baire Category Theorem, one
of these closed sets has non-empty interior. Since the interior of {¢} is empty for each g € Q, there
exists ¢ € N such that I; has nonempty interior. Thus, there is » > 0 and x € I; such that the ball
B(x,r) C I;. Since @ is dense in R, there exists ¢ € Q such that ¢ € B(z,r). This implies g € I, a

contradiction. Hence I is not the countable union of closed sets. OJ

W02.05: a) Let f : U — R* be a function on an open set U C R™. Define what it means for f to be
differentiable at a point x € U.
b) State carefully the Chain Rule for the composition of differentiable functions of several variables.
c¢) Prove the Chain Rule you stated in b).
Proof:
a) Let x € U. If there exists a linear transformation L : R™ — R"™ such that
e+ h) = f(z) - LB

1
P 1]

then f is differentiable at = and we write f/'(z) = A. If f is differentiable at every z € U, then
f is differentiable in U.

b) Suppose U C R" is open and f : U — R is differentiable at xo € U, g maps the open set

46 Last Modified: 4/18/2017



Basic Qual Notes Heaton

f(U) into R™, and g is differentiable at xy. Then the composition F' : U — R™ defined by
F(z) = g(f(x)) is differentiable at xy and F'(z) = ¢'(f(x0))f (x0).

c) Let yo = f(xg), A= f'(x0) and B = ¢'(y9), and define

u(h) = f(xo +h) — f(xo) — A(h) and v(t) = g(yo +1t) — g(yo) — B(1),

for all h € R™ and t € RF for which f(z¢ + h) and g(yo + t) are defined. Now define
e(h) = |lu(h)]|/||h]] and n(t) = ||v(t)||/]|t]] and note, by the differentiability of f and g, e(h) — 0
as h — 0 and n(t) — 0 as t — 0. Given h, let t = f(xzo+ h) — f(zo). Then

1]l = 1A + u(m)]| < (JA] + eIl = MSW

and
[1F'(z0 + h) — F(x0) — B(A(R))[| = llg(yo +t) — 9(yo) — B(A(h))]|
= [1B(k = A(h)) +v(®)]]
= [[B(u(h)) +v(@)]
< [IBl[lu(m) [l + o)1l
Since t = [f(xo + h) — f(z0)] — 0 as h — 0, it follows that

| O]
Jim | e+ ) = o) = BAGR)| < Jim [ BIRG +

< lim [ B[ - (k) + ([|All + lle(R)[[) - n(t)
=[IB[-0+ (Al +0)-0
=0

and we have obtained the desired limit.

O
W02.06: a) State some reasonably general condition on a function f : R? — R under which
9 (ofy_ 9 (of
oz \oy) oy\ox/)’
b) Prove the formula under the conditions you stated.
Proof:
. Of of . :
a) The formula holds if Iz and oy exists everywhere and are continuous everywhere, and
& Yy
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0
f and 2 % also exists and are continuous everywhere.
8m oy Oy \ Ox

b) See FO1.5.

WO02.09: Let V be a real vector space and T : V' — V be a linear transformation. Let A{,..., A\, be
distinct eigenvalues of T. Let 0 # v; be an eigenvector of T" with eigenvalue A; for 1 < ¢ < m. Show that
{v1,..., v} is linearly independent.

Proof:

See F01.10. O

WO02.10: Let V be a finite dimensional complex inner product space and f : V' — C a linear functional.
Show that there exists a vector w € V such that f(v) = (v,w) for all v € V.
Proof:
Let eq,...,e, be an orthonormal basis for V. Then the basis of the dual V* = {f : V —
C | fislinear} is given by ¢1,...,¢n where ¢;(e;) = 0;; with J;; denoting the Kronecker
delta. For a given f € V* it follows that there exists unique scalars ai,...,a,, € C such that
f=a101+ -+ amdm. Now let v € V. Then there similarly exists unique scalars by,..., b, € C
such that v = bjeq + - - - bypey,. Then, using linearity and the definition of each ¢;,

—f <Zbiei>:2aj¢j (Zle) ZZZbGJ¢] ez ZZZ) a] ij = ijaj.
i=1 j=1 i=1 j=1

7j=11i=1 7j=11i=1

Define w := aje; + - - - + amemn € V. Since the e; are orthonormal, (e;, e;) = d;; and so

m m
v) = <ijej,2azel Zijal €j,€i) = ZZ() a;0i;= Zb a; =
J=1 =1 Jj=11i=1 7j=11=1
completing the proof. O

WO02.11: Let V be a finite dimensional complex inner product space and T : V' — V a linear transformation.
Prove that there exists an orthonormal ordered basis for V' such that matrix representation A in this basis
is upper triangular, i.e., A;; = 0if i < j.

Proof:

We proceed by induction. Of course, if n = 1, then picking any unit vector in V' gives an orthonormal
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basis and we are done. For the inductive step, presume each k dimensional vector space has an upper
triangular representation with respect to a linear operator on it. Then suppose dim(V') = k + 1.
Since V is complex, each operator T" has an eigenvalue A. This follows from the fact that C is
algebraically closed. Let E) denote the eigenspace corresponding to A\. Then E/J\- = range(T — \I).
Because (T'— A1) is not one-to-one, it cannot be surjective and so dim(E5-) < dim(V). Furthermore,
Ey is invariant under T since for any u € Ey we have Tu = (T — Al )u+ Au where (T — X )u € Ey-,
by definition, and Au € E/J\- since E/J\- is closed under scalar multiplication. Now the restriction
of T to E)% provides an operator on this subspace and so, by the induction hypothesis, there is
an orthonormal basis eq,...,e, of E)% with respect to the restriction of 7" to U, which has an
upper triangular matrix, i.e., for each j = 1,2,...,m we have Te; € span{ey,...,e;}. Now extend
e1,...,en toan orthonormal basis e1, ..., en,v1,...,v, of V where k+1 =m—+n. Fork=1,...,n
we have Twvy, = (T — M )vg + Avg. By definition of E/\L, (T — M)y, € Ei‘ and so this shows
Ty € span{eq,...,€m,v1,...,0t}. Then, in turn, implies 7" has an upper triangular matrix with

respect to eq,...,€m,v1,...,V; and we have closed the induction. ]

S02.01: Prove that the closed interval [0, 1] is connected.
Proof:
By way of contradiction, suppose there exist disjoint non-empty open sets A and B relative to [0, 1]
such that AU B = [0,1]. Without loss of generality, suppose 1 € B. Clearly, [0, 1] is bounded.
Thus, A is bounded and by the least upper bound principle, we can define ¢ = sup(A). Since [0, 1]
is closed, ¢ € [0, 1].

First suppose ¢ € A. Then ¢ < 1 since 1 € B and AN B = (). And, since A is open, there exists
e > 0 so that B(c,e)N[0,1] C A. But, then ¢+ min{e,1 — e} € A, which contradicts the fact that
c = sup(A4).

Now suppose ¢ € B. Note then ¢ # 0 since then we’d have A = {0}, which is closed. Thus,
€ (0,1]. Since B is open, there exists £ > 0 such that B(c,e) N [0,1] C B. But then ¢ — min{e, ¢}
is an upper bound for A, again contradicting that ¢ = sup A > 0. Hence [0, 1] must be connected.
O

S02.02: Show that the set Q) of rationals in R is not expressible as the intersection of a countable collection
of open subsets of R.

Proof:

By way of contradiction, suppose that @ = N>2,U, where U, C R is dense and open for each
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n € N. Then Q@ C U, for each n and, because @} is dense, so also must be U,. Since R is open and
dense in R, R\{q} is open and dense in R for each ¢ € Q. This set is open since if B, (x) is a ball
in R about z € R of radius r > 0, then picking r, = min{r, ||z — ¢||} yields B,,(z) C R. Thus,

b=InQ= [ (R\{g} | N[ Un
qc@ n=1

is a countable intersection of dense open sets. But, the Baire Category Theorem implies that ()
must be dense in R, a contradiction.
d

S02.03: Suppose that X is a compact metric space (in the covering sense of the word compact). Prove
that every sequence {z,, | =z, € X, n=1,2,3,...,} has a convergent subsequence. [Prove this directly.

Do not just quote a theorem.]

Proof:

Let X be a compact metric space and {z,}72; C X. The collection UzexB(z,1) of open balls
of radius 1 in X forms an open cover of X. Since X is compact, it follows that there is a finite
subcover U;Ille(a:j, 1) that covers X. Let ¢; denote the index of a ball B(z,,1) that contains
infinitely many points from the sequence {z,}32 ;. Existence of such a ball follows from the pigeon-
hole principle. Let S} be the set of all indices in this ball B(z,,1). Now form an open covering
UzexB(z,1/2) of X. Then there is a finite subcover U}]ilB(:rj, 1/2). Pick an index ¢ for which
B(xy,,1) N B(xy,,1/2) contains infinitely many points from {z,}°° ;. Then define Sy to be the set
of all indices in B(z,,1) N B(xy,,1/2) and note S C S;. Continuing in an inductive fashion, for
each k € N we can find an ¢4 so that N¥_, B(x,,, 1) has infinitely many points from {z,}>; and
define S}, to be the set of indices in this intersection so that S, C Si_1 C--- C 5;.

We define a convergent subsequence as follows. Let n; € S;. Then, for each k € N greater than
1, pick ng € Sk with ng > ni_1. Note such a choice is possible since, by construction, each Sy is
infinite. Let € > 0 be given. By the Archimedean property of R, there exists N € N such that
1/N < /2. For j,k > N, observe that x,,z,, € B(zgy,1/N) and so

d(xp;, Tn,,) < d(Tn,, Tey) + d(2n,, Tey) < €/2+6/2 =¢,

which implies the subsequence {z,, }3, is Cauchy. By the Heine-Borel theorem, X is compact
if and only if it is complete and totally bounded. By the definition of completeness, each Cauchy

sequence in X converges to a limit in X. Hence {xy, }7°, converges. O
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S02.06: Suppose f : R? — R is a continuously differentiable function with Vf # 0 at 0 € R3. Show
that there are two other continuously differentiable functions g : R®* — R and h : R? — R such that the
function
(z,y,2) = (f(2,9,2),9(2,y, 2), h(x,y, 2))

from R3 to R? is one-to-one on some neighborhood of 0 € R3.

Proof:

Since V £(0) # 0, this can be extended to a basis V£(0),v1,ve of R3. Then define g : R* — R and

h : R? = R, respectively, by

g(r) = (v1,r) and h(r) = (vg,7) VreR?

where (-,-) denotes the standard scalar product in R®. Then g and h are continuously differentiable.
Indeed, Vg(r) = vy and Vh(r) = vy for all r € R3. Define ¢ : R* — R3 by ¢(,y,2) =
(f(z,y,2),9(z,y, 2), h(z,y, 2)). Then

V f(0) V£(0)
JO=| Vo) | =| w
Vh(0) vy

Since the rows of ¢/(0) are linearly independent, ¢'(0) is invertible. Moreover, ¢ is continuously
differentiable since it is the composition of f, g, and h, which are each continuously differentiable.
It follows from the inverse function theorem that there exists open subsets U,V C R? such that
0 € U and ¢(0) € V where ¢ is one-to-one on U and ¢(U) = V. That is, there is a neighborhood

U of 0 where ¢ is one-to-one. This completes the proof. ]

S02.8: Let V be a finite dimensional real vector space. Let W C V be a subspace and W := {f : V —
F linear | f =0 on W}. Prove that dim(V) = dim(W) + dim(W?).
Proof:
Let e1,..., e, be an orthonormal basis for W. Then extend this to a basis eq,...,e, of V with
n > m so that dim(W) = m and dim(V) = n. Then all we must show is that dim(W?°) = n — m.
The dual basis of e1,...,e, for V¥ = {f : V — R | f islinear} is given by ¢1,..., ¢, where
¢i(ej) = 0i; where d;; denotes the Kronecker delta. Let f € W* C V*. Then there are unique
scalars aq,...,a, € R such that f = a1¢1 + -+ + an¢p. Similarly, let w € W. Then there are
unique scalars by, ..., b, € R such that w = biey + - - - bpep. Using the linearity of f, it follows
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that

n

f(w) = Z ajqu(v): Zajqu(blel + - bmem) = Z CLj(ﬁj(bjGj)Z Zajbj.
= 7=1 7=1 j=1

j=1

where we note
qu(blel + - --bmem) = bl¢j(€1) + - --bmgbj(em) =04 ---+0+ bj¢j(€j) +0+---4+0= bj.

But, f = 0 on W and so Z;”Zl a;b; = 0. Since this holds for each w € W, we must have a; = 0
for j = 1,...,m. Hence each f € W* is of the form f = apmi1Pm+1 + -+ + andn, which implies
W* = span{¢m+1, - - ., ¢n} and so dim(W*) = n — m, as desired. O

S502.10: Let V' be a complex inner product space and W a finite dimensional subspace. Let v € V. Prove

that there exists a unique vector vy € W such that
o —ow| < [lv—wl (29)

for all w € W. Deduce that equality holds iff w = vy .
Proof:
Let ey, ..., en be an orthonormal basis for W. Extend this to an orthonormal basis ey, ..., em, f1,-.-, fn

for V. Let v € V and define vy to be the projection of v into W, i.e., define
vw = (v,e1)er + -+ (v,em) em

where (-, -) denotes the inner product. Then vy € W. Also, (v—wy) € W since (v — ww),e;) =
(v,ej) — (v,e;) =0 for j =1,...,m. For each w € W it follows that

lo = owll* < [lv = ow|* + low — wl* = [[(v = ow) + (ow — w)|* = [lo — w]]?, (30)

where the first inequality holds because 0 < |vy — w]|?, the following equality holds from the
Pythagorean Theorem (which applies because v — vy € Wt and vy —w € U ), and the last
equality holds by simple algebra. Taking square roots gives the desired inequality. Lastly, our

inequality above is an equality precisely when |Jvy — w|| = 0, which occurs iff vy = w. O
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2003

S03.2: Prove that if aq,aq, ... is a sequence of real number with

+o0
Z ’a’j‘ < 0, (31)
j=1
then A}im Z;VZI a; exists.
—00

Proof:
The Cauchy Convergence Criterion for series states that the series Z;}il a; converges iff for each
€ > 0, there is an index N such that

|an+1 + -+ apsx| <e foralln > N and k € N. (32)

From the triangle inequality, we know

n+k n+k
w4 < D gyl (33)
j=n+1 j=n+1

And because Zj:“f laj| converges, it follows from the Cauchy Convergence Criterion that the
sequence of partial sums for this series is a Cauchy sequence. So, our above inequality implies the
sequence of partial sums for the series Z;; aj is also a Cauchy sequence. Hence, again using the

o 0o
Cauchy Convergence Criterion, j—1a; converges. O

2004

S04.2: Is f(x) = v/x uniformly continuous on [0,00)? Prove your assertion.
Proof:
We claim f(z) = y/z is uniformly continuous on [0, cc]. To verify this, we must show that if € > 0
is given, then there exists § > 0 such that |f(z) — f(y)| < & whenever z,y € [0,00) are such that
|z —y| < 4. So, let € > 0 be given. Then define § := 2 and note that |\/z — /y| < |\/z + ,/y] since
\/y is positive. Then

Vz =yl < Ve = yllve + iyl = |z —y| <6 =% (34)

Taking the square root, we obtain [/ — /y| < e. Hence we identified 6 > 0 such that the desired

relation holds, and so f(xz) = /x is uniformly continuous. O
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F04.4: Suppose (M, p) is a metric space, xz,y € M, and that {z,} is a sequence in this metric space such
that z,, — =. Prove that p(z,,y) — p(x,y).

Proof:

Let € > 0 be given. We must find N € N such that for all n > N we have

|p(zn,y) — p(z,y)| < €. (35)

Let n € N. Suppose p(x,y) > p(xn,y). Then, by the triangle inequality,

0 < p(x,y) = p(zn,y) < (p(x,20) + p(Tn,Y)) — p(Tn,y) = p(z, Tn). (36)

Alternatively, if p(x,y) < p(xn,y), then

0 < p(zn,y) — p(z,y) < (p(@n, ) + p(z,y)) — p(,y) = p(Tn, T). (37)

In either case, we have
p(zn,y) — p(2,y)| < |p(@n, 2)]. (38)

Since x,, — x, we can pick N € N such that p(z,,z) < ¢ whenever n > N. Using (38), it follows
that |p(xn,y) — p(z,y)| < |p(zn,x)| < e whenever n > N. Hence we have found N such that (35)

holds and we are done. O

F04.6: The Bolzano-Weirstrass Theorem in R”™ states that if S is a bounded closed subset of R"™ and

{z1} is a sequence which takes values in S, then {z} has a subsequence which converges to a point in S.

Assume this statement is known in the case where n = 1, and use it to prove the statement in case n = 2.
Proof:
Let S C R? be closed and bounded. We must show that each sequence {p,} in S has a subsequence
that converges to a point p € S. Note for each p,, we can write (z,,y,) = pn for z,,y, € R. And,
through the boundedness of S (and therefore each p,), each z, and y, must also be bounded.
Assuming the theorem holds for n = 1, we know there must exists a subsequence {x(,)} that
converges where f : N — N with f(n) > n for each n € N. Also, since {yg(,} is bounded, we can
find a convergent subsequence {yy(f(n))} of {yfm)} where g : N — N with g(n) > n for each n € N.
Of course, since {z4(¢(n))} is a subsequence of the convergent sequence {z ()}, it also converges.
It then follows that each coordinate of the sequence {pg( f(n))} converges, which implies that this

subsequence of {p,} is itself convergent. Moreover, since S is closed, the limit of {py(¢(n))} is in S.
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This completes the proof. O

S04.4: Are there infinite compact subsets of Q)7 Prove your assertion.

Proof:

We claim there are infinite compact subsets of Q. Let k € Z and define S, = {k} U{k + 1/n |
n=1,2,...}. Since k € Q and @ is a field, we know k + 1/n € Q and so Sy C Q. Moreover, S
is countably infinite by definition. All that remains is to show Sy is compact. Let U = {U;} be
an open cover of Si. Then there exists some Uy such that k € Uy. Since Uy is open, there exists
r > 0 such that B(k,r) C Up. Furthermore, by the Archimedean property of R, there exists a
positive integer N such that 1/N < r. Then for any n > N we have 1/n < 1/N < r, which implies
k+1/n € B(k,r) C Uy. For each i = 1,..., N — 1, there exists some open set U; € U containing
k + 1/i. Then the collection {Uy,...,Un_1} is a finite subcover of U that covers Si. Hence Sy is

an infinite compact subset of Q. O
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F04.08: Let A = (a;j) be a real n x n symmetric matrix and let Q(v) = v - Av (ordinary dot product) be

the associated quadratic form defined for v = (v1,...,v,) € R™.
a) Show that VQ(v) = 2Av where VQ(v) is the gradient of the function at Q.

b) Let M be the minimum value of (v) on the unit sphere S™ := {v € R"™ : |jv| =1} and let u € S™
be a vector such that Q(u) = M. Prove, using Lagrange multipliers, that u is an eigenvector of A

with eigenvalue M.

Proof:
a) Observe that
Qv)=v-Av = Zvj(Av)j = Zvj (Z AjiUi) = Z Aijviv;. (39)
j=1 j=1 i=1 ij=1
This implies
8ku(v) = 89% Z Aijvivj

ij=1

= Y AijOu (vivy)

ij=1

= Z Aij(dikvj + Ui(Sjk)
i.j=1 (40)

n n
= Z Akj'Uj + Z Aikvi
j=1 i=1
n n
= Z Akjvj + Z Akivi
j=1 i=1

= Q(A’U)k

where 6;; denotes the Kronecker delta. Thus,

VQW) = (0,,Q(v),...,0:,Qv)) = (2(Av)1, ..., 2(Av),) = 2Av. (41)

b) Define g(v) = (v,v) — 1 and observe g(v) = 0 if and only if v € S™. Lagrange’s theorem
for multipliers then states that if () and g have continuous first derivatives and ) has an
extremem point u along the curve g = 0, then there is a A € R such that VQ(u) = AVg(u).
Note, taking I as the identity, the above computations in a) show Vg(v) = 2v. Thus,

VQ(u) =AVg(u) < 2Au=2)\u, (42)
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which implies « is an eigenvalue of A with eigenvalue A. Then
M=Qu)=u-Au=u-du=Au-u) =\ (43)

Thus, we conclude u is an eigenvector of A with eigenvalue M = ), as desired.
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F04.09: Let T': C" — C™ be a linear transformation and P a polynomial such that P(7") = 0. Prove that

every eigenvalue of T' is a root of P.

Proof:

Write P(x) = ag + a1z + - - - + ax™ for some ag,...,a, € C. Now let A € C be an eigenvalue of
T. Then there is v € C" with v # 0 such that Tw = A\v. So, suppose TPv = \Pv for some p € Z7.
Then TPy = TP(Tv) = TP(\v) = XTPv = AP*ly. By induction, this implies T%v = Mv for each
k € Z". Thus,

0=p(T)v = (apl +a1T + -+ a,T™)v = (ap + ;1A + - - - + ap A" )v = P(\)v. (44)

where we note 7° = I. Since v # 0, it follows that P(\) = 0. Therefore, we conclude each

eigenvalue of T is a root of P. O
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F04.10: Let V. =R"™ and T : V — V be a linear transformation. For A\ € C, the subspace
VIN)={veV : (T-M)v=0 forsomej>1} (45)

is called a generalized eigenspace.
a) Prove there exists a finite number M such that V/(X) = ker (T — AI)M).

b) Prove that if A # p, then V(A\) NV (u) = {0}. Hint: use the following equation by raising both sides

to a high power.
T—- XM n T—pul

e v I. (46)

Solution:
a) We first provide two lemmas:
Lemma 1: {0} = ker(T") C ker(T*) C ker(T?) C -~ .
Proof:
We proceed by induction. Suppose v € ker(T*) for some k& > 0. Then T*+!(v) =
T(T*v) = T(0) = 0 where the final equality holds by linearity of 7. The result follows

by induction. O
Lemma 2: If there is a nonnegative integer m such that ker(T™) = ker(T™*"!), then
ker(T™) = ker(T™**) for all nonnegative integers k.

Proof:

The base case is given. Suppose the statement holds for k& > 1 and let v € ker(T™+*+1),
This implies

0 =T 1) =1 (Thy) = Thy e ker(T™H). (47)
But, ker(T™*!) = ker(T™). Hence
TR =T™T ) =0 = v e ker(T™HH). (48)

This shows ker(T™++1) C ker(T™**). Lemma 1 gives ker(T™+*) C ker(T™+F+1),
from which we obtain ker(T™+*+1) = ker(T™**) = ker(T™). This closes the induction.
U
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We now prove a). By way of contradiction, assume the hypothesis is false. Then
ker((T — M)°) C ker((T — AXI)Y) € --- € ker((T — AI)™*) (49)

where the inclusions follow from Lemma 1 and they are strict by our assumption and Lemma
2. This implies dim(7%*!) > dim(7*) +1 for each k, and so dim(7"!) > n+1 > n = dim(V).
This contradicts the fact that 77%! is a subspace of V. Thus, the claim does hold. This further
shows V(A) ={v eV : (T —AI)"v =0} =ker((T— \)").

From a), we have V/(\) = ker((T'—AI)") and V(u) = ker((T'—pd)™). Now let v € V(A)NV ().

It suffices to show v is necessarily the zero vector, which we does as follows. Using the given

2n
v—IQ"v—<T )\I—i—T MI) v (50)
p=A  A—p

relation, observe

But, on the right hand side, each of the terms (7" — AI) and (T' — ) in the expansion are
raised to at least a power of n and (T'— AI)"v = (T — ul)"v = 0 . Thence

T—X T—pl\*"
v = + a v=0. (51)
p=A  A—p
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2005
S05.6: Consider the set of f :[0,1] — R that obey

1
1@ =Wl <le =yl ad [ f@)do =1 52)
Show that this is a compact subset of C(]0, 1]).

Solution:
The set of f, denoted F', is uniformly bounded. By way of contradiction, suppose otherwise. Then
there is f € F' and a x € [0,1] such that |f(x)| > 3. This implies for y € [0, 1] that

) —f@)<ly—=[<1 = |[fl=I[flz)]-1>2 (53)

where the right hand side follows by applying the reverse triangle inequality. Assume f(y) > 2.
Then

1 1
/ f(zx) d:UZ/ 2dx=2>1, (54)
0 0

a contradiction. Similarly, if f(y) < —2, we get a contradiction. Hence ||f||cc < 3 for f € F.

To show F' is compact, we show it is sequentially compact. Let {f,} C F be a sequence. We
must show there is a subsequence { fy,(m) =1 of {fn}nez1 that converges to a limit g € F. We first
construct the subsequence { fn(m)}fnozl by a diagonalization argument. Let 7 : Z* — [0,1] N Q
be an enumeration of the rational numbers in [0, 1]. Since ||fnllco < 3, fu(7(1)) € [—3,3] for each
n € Z". Because [—3, 3] is compact, this sequence has a convergence subsequence, say, { fn, , (7(1))}.
Proceeding inductively, suppose {fy,, ,(7(m))}32, converges for m € Z*. By the compactness
of [-3,3], there is a subsequence {fn, ., }72; of {fn, .}22; such that {fn, ., (7(m + 1))},
converges. Now define the sequence n(m) := ny, . For each m € Z™ there are, at most, m — 1
terms in the sequence { f,,()(7(m))}r—1 not contained in the sequence { fy,, , (7(m))}72, namely,
the first m — 1 terms. Hence

0 fouy(r(m) = T fo,, (r(m)), (55)

m— 00

and so the limit exists. This implies the sequence { fn(m)} converges at each rational x € [0, 1].

Now cover [0, 1] by the open balls B(z,e/3) with rational = € [0, 1]. Since [0, 1] is compact and the

rationals are dense in [0, 1], there is a finite subcover, i.e., there are zy,...,x, € [0,1] N Q such
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that

m

[0,1) € | B(xi,£/3). (56)

=1

Let z € [0,1]. Then there is ¢ € {1,...,m} such that |z — x;| < £/3. Hence

€
lf(z) = flz)| < |z —x] < 3 (57)
Also, by the convergence of { f,,(m)(:)}55—1, there is an N; such that
€

Set N := max{Nj,..., Ny, }. Then, using the triangle inequality,

Vkm=N, | fu(2) = fop ()] < [ fny (2) = Fr (@0)] + [ Fri (20) = Fr (20| + [frg (20) = fr (2)]

cE.8.¢
3 3 3
= E.

(59)

Since fn(m)(z) € R and R is complete, the sequence converges. Moreover, it is uniform since this

holds for arbitrary z € [0, 1]. Define g : [0, 1] — R as the pointwise limit, i.e., g(2) := lm f, ) (2)
m—0o0

for z € [0, 1]. Since the convergence is uniform, we may write

1 1 1
| o@ ae= [ tim fu(@) dr= tim [ (@) do= tim 1=1 (o0

0 ™
And, for m > N,
9 e
§§+!z—y|+§ (61)
<l|lz—y|+e.

Hence |g(z) — g(y)| < |z — y| + €. Since none of the terms in this final inequality depend upon ¢,
we let € — 0 to obtain |g(z) — ¢g(y)| < |z — y|, thereby concluding g € F. Thus, F is sequentially
compact. This completes the proof. ]
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S05.12: Let (X, d) be a metric space. Prove that the following are equivalent:
a) There is a countable dense set.

b) There is a countable basis for the topology.

Proof:

First suppose there exists a countable dense subset £ C X. Let {q1,q2...} be an enumeration of
E. We claim that the collection of open balls U = {B(g;,1/7) | (4,j) € N x N} is countable
and forms a basis for the topology. Indeed, U is equinumerous with N x N, which is countable
since each (i,j) € N x N can be mapped to (i + j) € N while each k¥ € N can be mapped to
(k,1) € N x N. To show U forms a basis, we must show that every open set in X can be written as
a union of elements of U. So let V' C X be open and v € V. By the definition of open, there exists
a neighborhood N of v in V, i.e.;, N C V. Let r denote the radius of the neighborhood N. Now,
by the Archimedean property of R, there exists j € N such that 1/7 < r/2. And, by the density
of E in X, there exists ¢; € E such that v is contained in the open ball about ¢; of radius 1/, i.e.,
v € B(gi,1/7). Let II denote the collection of indices (i, 7) of the balls corresponding to each such
element of V. Then

vc |J Bla1/h).

(4,9)€ll
And, by the choice of B(g;,1/j), for each v € V', we have B(g;,1/j) C V since for any = € B(qg;,1/7)
we have
dv,z) < d(v,q) +d(g,x) <1/j+1/j<r/24+r/2=r. (62)

This implies that

U Bl 1/5) cV.

(3,5)ell

Hence U forms a basis for the topology.

We now prove the converse. Suppose U = {E1, Eo, ...} is a countable basis for the topology. Now
let z € X and define a neighborhood N of x of some radius » > 0. Since N is open, there must
exist F; C N. Since xz € E;, F; is nonempty, and so we can let ¢; denote some element in F;. Then
gi € B(x,r). So, for each = and r > 0, we can identify a ¢; for which ¢; € B(x,r). That is, each

x € X is a limit point of the set {¢;};°,. Hence there exists a countable dense set in X. [l
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F05.1: A real number « is algebraic if there exists a finite set ag, ..., a, € @ not all zero such that « is a
root of ag + a1x + - - - + ax™. Prove that the set of algebraic numbers is countable.
Proof:
The set of polynomials of degree n with rational coefficients is equinumerous with Q"*!. So, the
set of roots of such polynomials injects into {1,2,...,n} x Q"*! since there are n roots for each
degree n polynomial. So, the set of algebraic numbers injects into U2® 1{1,2,...,n} x Q"™ *!. This
is a countable union of countable sets where we note {1,2,...,n} x Q"*! is countable. This set is
then itself countable. So, the set of algebraic numbers injects in IN. And, to see there are at least
as many algebraic numbers as elements in IN, note that each o € IN is itself algebraic and so IN
injects into the set of algebraic numbers. Thus, the set of algebraic numbers is equinumerous with

the natural numbers, i.e., is countable. ]
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F05.3: Let Prove that if f; : [0,1] — R is a sequence of functions which converges uniformly on [0, 1] to a

(necessarily continuous) function F' : [0,1] — R, then

1
/0 2(y) dz = lim f2() . (63)

J—00 0
b) Give an example of a sequence {f; : [0,1] — R}?2; of continuous functions which converges to a

continuous function F' : [0, 1] — R pointwise and for which

lim f2( ) dz exists, but lim f2 dz #/ F%(x (64)

Jj—0 Jo Jj—oo

Proof:
a) Let £ > 0 be given. To prove the claim, we must find N € N such that

/01F2(:v) dm/ol f7(z) dz

Since F' is continuous and defined on the closed and bounded interval [0, 1], it follows from the

<eVn>N, zel0,1]. (65)

Extreme value Theorem that F' attains a maximum and a minimum on [0, 1]. So, we can let
My = max{|F(z)| : z € [0,1]}. Similarly, each f; attains a maximum and a minimum on [0, 1].
So, let My = sup{max{|f;(x)| : « € [0,1]} : n € N}. Using the uniform convergence of {f;} to
F, we can pick N € N such that |F(z) — fj(z)| < e/(My + My) whenever n > N, x € [0,1].

Then . .
/0F2 dx—/ £ (@) dx_/ ()dx—/off(x)

/w“ @||F () + f;(z)] da

SA(H@ £ My + My da

1
13
< — )My + My dz
/0<M1+M2>’ ! 2|

1
/6dl‘
0
€

whenever n > N, and we are done.
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b) For each j € N, define f; : [0,1] — R by

fi(@) = { \/452x if 0<x<1/2j, (67)
V25 —452(z — 1/27) if 1/25 < x < 1/j.

Then f7(x) forms a tent function of area one, i.e., fol f7(x) dz =1 for each j € N. To show
the convergence of {f;}, let € > 0 be given and z € [0,1]. Then by the Archimedean property
of R, we can pick N € N such that 1/N < z. It follows that |fj(z) =0 =0—-0] =0 <¢
whenever n > N. Thus, for each z € [0, 1], we have that f;(z) — 0 as j — oco. Consequently,
F(z) =0 and so fol F2(z) dz = fol Odr=0+#1= fol f3(x) dz. (See F08.3 for a more detailed

answer. )

0

F05.5: Prove that R? is not a (countable) union of sets S;, i = 1,2,... with each S; being a subset of some
straight line L; in R2.
Proof:
Let {£,}5°; be a collection of straight lines in R2. Then let 6, be the angle of the line £,. Since
{0,,}72 1 is countable, we can pick a real number 6 € [0, 27| that is distinct from all 0,,. Let £ be a
line at angle 6. Then for all n € N, £ # ¢,,. So, (U32,¢,) N ¥ is countable. But, ¢ has uncountably

many points. Therefore, US2 ¢, cannot cover ¢ and R? is not a (countable) union of straight lines.
O

F05.8: For a real n x n matrix A, let T4 : R™ — R" be the associated linear mapping. Set [|A| =

sup  ||Tax|| using the usual Euclidean norm for z".
zeR™, ||z||<1

a) Prove that ||A+ B| < ||A| + || B

b) Use a) to check that the set M of all n x n matrices is a metric space if the distance function d is
defined by d(A, B) = | B — A].

c) Prove that M is a complete metric space with this “distance function.”

Proof:
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a)
[A+B|= sup [(Ta+Tp)z|
zeR™, [lz[<1

= sup |Taz + Tpx||

z€R™, [lz[|<1
< sup | Tax| + || TBx|| (68)
zeR™, ||lz||<1

= sup ||Taz||+ sup ||TBz|
z€R™, [z]<1 z€R", [|z]|<1

Al + 1B

b) To show that (M, d) forms a metric space we must show that it satisfies the following properties:
i) For any A € M, d(A, A) = 0.
ii) For any distinct A, B € M, d(A, B) > 0.
iii) For any A, B € M, d(A,B) =d(B, A).
iv) For any A, B,C € M, d(A,B) < d(A,C)+d(C, B).
Of course, d(A, A) = ||Ta — T4l = ||0]| = 0. ...
c¢) To show that M is complete, we must show that every Cauchy sequence in (M, d) converges
to a matrix in (M, d). So, let {A,} denote a Cauchy sequence in (M, d).

0
2006
WO06.1: Show that for each € > 0 there exists a sequence of intervals {I,,} with the properties
Qc I, and > |L|<e (69)
n=1 n=1

Proof:
Because the rationals are countable, there exists a bijection f : N — Q. Then for each i € N,
define I; = (f(i) — /272 f(i) +&/212). So, f(i) € I; and we see

Qc | (70)
n=1
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Now, observe that |I;| = | f(i) +&/2772 — (f(i) — £/2"72)| = ¢/27F1. This yields that

= - =1l ¢
n=1 n=1 n=1
Thus, our choice of {I,,} has the desired properties. O

WO06.2: Let {an}n>1 be a decreasing sequence of positive numbers such that Y 2 | a, = co. Under what

condition(s) is the function
oo

flx) = (=1 ana” (72)

n=1
well-defined and left-continuous at = 17 Carefully prove your assertion.
Proof:
We claim that if lim a, = 0, then f is well-defined and left-continuous at + = 1. At x =1, f(z)
is well-defined sinrég?uilere the alternating series test asserts the sum converges (since 71113;() an = 0).

All that remains is to show f is left-continuous at x = 1.

Let € > 0 be given. Then we must show that there exists § > 0 such that whenever y < 1 and
d(1,y) <9, |f(y) — f(1)] <e. NOT COMPLETE.
O

WO06.4: Consider a decreasing sequence of continuous functions f, : [0, 1] — R obeying the uniform bound
|fnl < M for some M € (0,1). Suppose the point-wise limit f(z) = nh_}n;o fn(x) is continuous on [0, 1].
Prove that f, — f uniformly on [0,1]. (You may use without proof that [0,1] is compact as well as
sequentially compact.)
Proof:
Let £ > 0 be given. Then we must find an integer N such that |f,(x) — f(z)| < € whenever n > N
and z € [0, 1]. Since we have a decreasing sequence of functions, f,41(z) < f,(z) for all x € [0, 1]
and n € N. Then define g, = f, — f and observe that g,(z) > 0 for all z € [0,1]. Now define
the sets £, = {x € [0,1] | gn(x) < e}. Then E,, is open since it is the preimage of an open set
under the continuous function g,. Since {f,} is monotonically decreasing, so is {g, } and so {E,} is
ascending, i.e., F,, C E, 1 for each n € N. Because {f,} — f, it follows that {g,} — 0 and so the
collection of {E,} form an open cover of [0,1]. By compactness of [0, 1], there is a finite subcover
of this collection that covers [0,1]. But, the E,, are ascending and so there is some N € N such
that Exn covers [0, 1]. Then for any x € [0,1], if n > N, z € Ex and so |f,(x) — f(n)| < e, and we

are done.
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W06.6: Let —oo < a < b < oo. Prove that a continuous function f : [a,b] — R attains all values in
[f(a), f(D)].

Proof:

First, prove that [a, b] is connected. (See above notes.) Then prove the intermediate value theorem.

(See above notes.) O

WO06.7: Let V be a complex inner product space and v,w € V. Prove the Cauchy-Schwarz inequality
[ (v, w) | < Jvf|w].
Proof:
We wish to write v as a scalar multiple of w added to some vector y € V that is orthogonal
to w. So, observe that v = cw + (v — cw). The vector cw will be orthogonal to v — cw when
0= (cw,v —cw) = c{w,v) - (w,w) = c({w,v) — c|w||?). Avoiding the trivial solution of ¢ = 0,

we see this implies ¢ = (v, w) /||w||?>. Then defining

(v, w)
y=v-— 10
[[w]]?
yields
v = (v, w) w+y
[[w]]? '

where w and y are orthogonal. Then, by the Pythagorean Theorem, it follows that

<U7/w> ? 2 <U,U)> ? <U’w> ? 2 <U7w>2
fot? = Sl ot | k| = fulf= 0
[w]|? [w]|? lw]l? [[w]|?
Taking square roots of both sides gives ||v|| > (v, w) /||w||, which implies | (v,w) | < [|v||||w]|]. O

WO06.8: Let T : V — W be a linear transformation of finite dimensional real inner product spaces. Show

that there exists a unique linear transformation T : W — V such that
(T(v),w)y = (v, T (w)), YveV,weW

where (-, )y is the inner product on X =V or W.
Proof:

Let vy,...,v, and wy,...,w, be orthonormal bases for V and W, respectively. Let A denote the
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matrix representation of T relative to these basis. By defining 7' : W — V to have the matrix

representation A’ with respect to these basis, we see
(T(v),w) = (Av,w) = (Av)'w = v' Alw = v (A'w) = (v, A'w) = (v, T (w)).

This show that such a linear transformation 7% exists.

All that remains is to show uniqueness. Suppose S : W — V also exists and is such that
(0, T (W), = (T(0),w)y = (v, S(w))y ¥ veW,we W.

Then
0= (v,Tw))y — (v, S(w))y = (v, T"(w) — S(w))

for each v € V. This is true precisely when 7% (w)—S(w) = 0. Using linearity, we have (T —S)(w) =
0 for each w € W. But, this only holds when 7" — S = 0, i.e., T* = S. Hence T" is unique. U

WO06.9: Let A € M3(R) be invertible and satisfy A = A’ and det A = 1. Prove that A has one as an
eigenvalue.
Proof:
In order to show that 1 is an eigenvalue of A, it suffices to show that det(A —I) = 0. Since A = A’
it is self-adjoint and, thus, by the real spectral theorem, A is similar to a diagonal matrix. That is,
there exists an orthogonal matrix P and diagonal matrix D such that A = PDP~!. Then, using

the properties of determinants,

det(A) = det(PDP™') = det(P) det(D) det(P~!) = det(P) det(D)

det(P) = det(D) = A A2)3

where A1, A2, A3 are the eigenvalues of A. Since 1 = det(A) = A1 A2A3, we have A\ = 1/(A2A3).
Thus,

det(A=1) = (4= 1) O = D0 =1) = (5~ 1) Ga = Dka = ).

A2A3

If Ay = 1 or A3 = 1, then we are done. So, suppose this is not the case. Then we must show
1/(A2A3) — 1 = 0, which is equivalent to showing A2 = 1/A3. Not Complete.
Hence

1 =det(A) = Aoz = M da(1/A2) = N

and so A\ = 1. Hence A must have an eigenvalue of 1.
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Suppose A — I is invertible. The inverse of a matrix is unique and, is here given by Y7, AF since

(I— AZA’“ (I-AI+A+A%+ =T+ (A-A)+ (A2 -AH+... =1
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S06.1:

a) Define precisely the notion of Riemann integrability for a function f on [0, 1].

b) Suppose that f,(x) is a sequence of Riemann integrable functions on [0, 1] such that { f,,(z)} converges

uniformly to f(z). Prove that f(z) is Riemann integrable.

Proof:
a) Let P = {I,...,I;} be a partition of [0,1]. Then the upper sum U(f, P) and lower sum
L(f, P) are, respectively, defined by

k

U(f,P):=)_ <su}:> f) L] and L(f,P):=)_ (ig f> 1151, (73)
i=1 \*€h =1 NS
The function f(z) is Riemann integrable on [0, 1] provided
inf U(f,P) = sup L(f, P) (74)

Pell Pell

where II denotes the set of all partitions of [0, 1].
b) Let € > 0. Then by the uniform convergence of {f,} there is an N € Z* such that

For any partition P = {I3,..., I}} this implies

k
L, py= (inf £) 15
1 K

.
I

k

Z;(ggfifN—€> | 1] (76)
k k

= ; (;Ielfl fN) | 1] — 5; | 1]

=L(fn,P) —e.

Since P was chosen arbitrarily, this holds for each P € II, from which we take the supremum

to obtain
sup L(f, P) > sup L(fx, P) — . (77)
Pell Pell

In similar fashion, we find
nf U(f,P) < inf U(fn,P) +e. (78)
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Then subtracting (77) from (78) we obtain

inf P) — L(f, P 2

juf, UL, P) = sup L(f, P) < 2¢ (79)
where we have used the fact that fy satisfies (74). By definition of the upper and lower sums,
any partition P gives an upper sum U(f, P) at least as large as suppc L(f, P). So, the left
hand side of (79) must be nonnegative. But, we also see (79) is true for all € > 0 and none of

the terms depend on ¢, and so the left hand side must be equal to zero, as desired.
O
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S06.4: The point P = (1,1,1) lies on the surface S in R? defined by
2y 4 22+ 2y2t = 4 (80)

Prove that there exists a differentiable function f(x,%) defined in an open neighborhood N of (1,1) in R?
such that f(1,1) =1 and (z,y, f(z,y)) lies in S for all (z,y) € N.

Proof:
This problem is a routine application of the Implicit Function theorem. First define F : R? = R
by F(z,y,2) = 2%y® + 232 + 2y2* — 4. Then

VF(z,y,2) = (2zy> + 3222, 322> + 22, 2 + 8y23) =  VF(1,1,1) = (5,7,9). (81)

Since F,(1,1,1) # 0, it is invertible and the Implicit Function theorem implies there is a neighbor-
hood N C R? of (1,1) and an open subset V C R containing 1 and a smooth function f: N — V
such that f(1,1) = 1 and for (x,y) € N, F(z,y, f(z,y)) is constant (namely, zero). (They probably

want me to prove the Implicit Function theorem in this special case... I'll come back.) ]
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S06.9: Let S be a real n x n symmetric matrix S, i.e., ST = S.
a) Prove the eigenvalues of S are real.

b) State and prove the Spectral Theorem for S.

Proof:
a) Let A € C be an eigenvalue of S and v be the corresponding eigenvector. Let (-,-) be the

scalar product for C™. Then
A (v,0) = w,v) = (Av,v) = (v, A*) = (v, Av) = (v, \v) = X (v, v) (82)

where \ denotes the complex conjugate of \. By hypothesis, v # 0 and so (v,v) = [|v|* > 0,
which implies A = X. This implies the imaginary part of X is zero, i.e., A € R.

b) The real Spectral Theorem states that since S is symmetric, there exists an orthonormal basis
of R™ consisting of eigenvectors of S and each eigenvalue of S is real. The last part of this
was proven in a). We proceed by induction. The case for n = 1 holds trivially. Now suppose...

n — 1 step. Then let S € R™*"™ be symmetric.
O
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2007

S07.7: Let f : R — R be a twice continuously differentiable function with f” uniformly bounded, and with
a simple root z* (i.e., f(z*) =0, f'(z*) # 0). Consider the fixed point iteration

Fx)=z— f(a:)
f'(x)
Show that if x¢ is sufficiently close to z*, then there exists a constant C' so that for all n € N, |z,, — 2*| <
Clop_1 — x*|%.
Proof:
Since f’ is continuous and f’(z*) # 0, there is a ¢ > 0 such that |f(x)— f(2*)| < |f(«*)/2| whenever
|z — 2*| < . Using the reverse triangle inequality, |f'(z*)| — |f/(x)| < |f/(2*) — f'(x)| and so for
such |z — z*| < 6 we have |f'(x)| > |f'(z*)|/2 > 0. Using Taylor’s theorem,

xn = F(xp—1) where

f@*) = f@) + f(a)(@* —z) + f' (&) (z* — )2,
for some £ between x and z*. For |x — z*| < 4, this implies

@ FE) e e
S 70 IR ¢ N
(6 — a*)?

= (=5 - 156

where C' denotes the uniform bound for f” divided by |f'(z*)|. Let z¢ € [z* — §,2* + §]. Then,

using the above, for each n € N, |2* — z,,| = |2* — F(z,_1)| < Cla* — 2,_1|?. O

But, f(z*) = 0 and so

|z = F(z)| = < Cla* — zf?
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S07.8: Suppose the functions f,, are twice continuously differentiable on [0, 1] and satisfy
lim fu(x) = f(@) Yoel01] and [f<1 and £ <1 (33)

Prove f(z) is continuously differentiable on [0, 1].

Proof:
We first show f, — f uniformly. It suffices to show {f,} is uniformly Cauchy. Let ¢ > 0 be
given and cover [0,1] by open balls B(xz,e/3) for rational € [0,1]. This is possible since the
rationals are dense in [0,1]. And, since [0, 1] is compact this cover has a finite subcover, i.e., ther
are z1,...,2p € [0,1] N Q such that
m
[0,1) € | B(xi,£/3). (84)

=1

Using the pointwise convergence of f, for each x; there is an IN; such that
|fu(@i) = fm(zi)| <€/3 ¥V n,m =N (85)

Set N := max{Ni,...,Np}. Let z € [0,1]. Then there is a j € {1,...,p} such that |z; — z| < /3.
For n € Z™, the mean value theorem implies there is ¢, between z and x; such that f} (¢,)-(z;—2) =
fn(xj) — fu(z). Using the bound on f),, we obtain

|fn(@;) = fu(2)] = [fu(0)llz; — 2] < |oj — 2] < g (86)

This implies

[ (2) = fm(2)] < [fu(2) = fu(@p)| + | fulzg) = fm@g)] + [ fin(25) = F(2)]

3
S (87)
3 3 3
=¢

whenever n,m > N. This holds for every z € [0,1] and so || f, — fm|| < & whenever n,m > N, i.e.,
{fn} is uniformly Cauchy. Assume f,, — ¢ pointwise. Then the above process can be similarly

applied to show f, — g uniformly.
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We now show f’ exists. Using the definition of derivative,

Vzelo,1], f(z)=Ilim flz+e) - f(z)

e—0 £

fn($ + 5) - fn(ﬂj)]

= lim lim
e—>0n—o0 £

= lim lim 2718 = Fnl®), (88)
n—o00 e—0 £

_o /
= lim f)(z)
=g

where we are able to interchange the limits with € and n due to the uniform convergence.

Lastly, we show f’ is continuous. Observe for z,y € [0, 1] that |z — y| < £/3 implies

[f'(@) = f W) < [f'(2) = fv@)] + | fn(@) — @)+ ) — f)l
<§—|—|x—y|+§ (89)

<e,

and we are done. OJ
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F07.8: Suppose a, > 0 and > >° | a, = co. Does it follow that

o

an
— a?
D e = (90)

n=1

Proof:

We claim that the above series does, in fact, diverge. To verify this, we first show that if

{an/(1 + an)}22y — 0, then {a,}5°; — 0. So, suppose {a,/(1 + a,)}52; — 0 and let € > 0 be
given. Then there exists N € N such that Vn > N,

e

an,
< . 91
‘ 1+a,|~ 1+e¢ (91)
Rearranging, we see this implies
€ e/(1+¢)
< 1 = < — 7 —¢ 2
an_l—i—g( + an) an_l—e/(l—i—s) c (92)

Hence {a,}22; — 0.

Now suppose that {a,}5°; is unbounded. Then {a,}32; - 0 since for each n € N, we can
find n* > n such that a,» > max{aj,...,a,} + 1. Thus, by the contrapositive of the above,
{an/(1 4 ay)}; - 0, which implies

. a
n —_
E o 0. (93)

n=1

Alternatively, if {a,}>° is bounded by some M > 0, then

i a > a 1 >
n > n — —
Zl—i—an_zl—i—M 1+Mza" o (94)
n=1 n=1 n=1
and we are done. O
2008

S08.1: Let g € C([a,b]), with g(z) € [a,b] for all = € [a,b]. Prove the following:

a) g has at least one fixed point p in the interval [a, b].
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b) If there is a v < 1 such that |g(z) — g(y)| < v|z — y| for all z,y € [a,b], then the fixed point p is

unique and the iteration x,+1 = g(x,) converges to p for any initial guess xy € [a, b].

Proof:

a)

Define f(z) = g(x)—x. Then observe that f(a) > 0 since g(a) > a and f(b) < 0 since g(b) < b.
If g(a) = a or g(b) = b, then we are done. So, suppose this is not the case. Then f(a) > 0 and
f(b) < 0. Then by the Intermediate Value Theorem, there is a p € (a,b) such that f(p) =0,
which implies g(p) — p = 0 and so g(p) = p. Hence there is at least one fixed point of ¢ in
[a,b].

Suppose that there is a v < 1 such that |g(z) — g(y)| < |z — y| for all z,y € [a,b]. Then
lg(xn) — x| < |2y — p—1] and so, by induction, |z,+1 — 2| = |g(zn) — zn] < Y"|21 — 0]-

We claim {z,,}7° ; is a Cauchy sequence. Indeed, let € > 0 be given and note for m > n that

|xm - xn’ S |xm - xm—l’ + |xm—1 - xm—2| +---+ ’xn—i-l - xn|

m—n ]
< 7J|l‘n+1 -'L‘n|
=0
m—n
<oy — x| YA
=0
o
<v"|z1 — o Z’Y]
=0
I e ]
L=y

|21 — o]

But v* — 0 as n — oo and so we can pick N € N such that v - < € whenever

n > N, implying that |z, — z,| < ¢ whenever m > n > N. Hence {z,}°; is Cauchy and,

because [a,b] C R is complete, {z,} 2, converges to some limit p € [a,b]. Then
= Jim oo = Jim 2aa = Jim ote) = o)

and so g(p) = p. All that remains is to verify p is unique. So, suppose there is also a ¢ such
that g(q) = q. If ¢ # p, then

lg —pl = 1l9(q) — g9(p)| <~lg—p|l <lg—pl

which implies |¢ — p| < |¢ — p|, a contradiction. Hence g = p.
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S08.2 Let { fn(z)} be a sequence of continuous functions on the interval [0, 1] such that f,(z) > 0 for all n

and z and such that for all z € [0,1] lim f,(x) = 0. Prove or give a counterexample to the assertion:
n—oo

lim /01 fn(z) dz = 0.

n—oo

Proof:
We claim the assertion is false and will prove this by providing a counter example. For each n € IN,
define
n’z if x € [0,1/n],
fo(x) = n—n?(x—1/n) ifze (1/n,2/n],
0 if x € (2/n,1]

Of course, f, is continuous on [0,1/n), (1/n,2/n) and (2/n, 1] since f, is linear over each of these
intervals. Thus, to show f, is continuous, we need only verify that the right and left hand limits
agree at * = 1/n and x = 2/n. Indeed,

lim f(z) =n*(1/n)=n=n—-n*0)=n—-n*1/n—1/n)= lim f(z),

z—1/n— xz—1/n+

and
lim f(z) =n—-n*2/n—1/n)=n—-n*1/n) =n—-—n=0= lim f(z).

z—2/n— z—2/n+

Hence {f,} is a sequence of continuous functions. Moreover, we claim lim f,(z) = 0 for each
n—oo

x € [0,1]. Of course, f,,(0) =0 for all n € N. To show this is true for = € (0,1], let € > 0 be given.

Then by the Archimedean property of R we can pick N € N such that 1/N < x. Consequently,

|fu(x) =0/ =10—0]<e Vn>N.
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Now observe that
1

1 1/n 2/n
fn(x) dx—/ n’x dw—i—/ n—n?(x —1/n) dx—i—/ 0 dx
0 0 1

2/n

1/n 2/n 2/n
:/ n’x dx—/ n?(z —1/n) dx—i—/ n dx
0 1

1/n

1/n /n
= nz do — / nz dz +n(1/n)
0

1
Hence lim [ fu(z) dz = lim 1=1#0.

n—o0 0
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S08.3: Assuming that f € C*[a, b] is real, derive a formula for the error of the approximation E(h) when

the second derivative is replaced by the finite-difference formula

" x+h)—2f(x x—h
oy LW =2 S =)

and h is the mesh size. Assume that z,z + h,x — h € (a,b).

Proof:
By Taylor’s Theorem, we can expand f about x and evaluate at x 4+ h and « — h to find

(3) (4)
Ft ) = 1)+ @+ L n? + DB Tl s

and

B (g (4)
Fle—h) = f(x) — f'a)h+ 3"~ 36< Jps 4 7 4255%4

where & is between z and x + h and & is between z and x — h. Adding these equations together

and then subtracting 2f(x) from each side gives

o+ h) = 24(@) + £~ )= f(a)n 4 LI

Because f € C* and %(f(‘l) (&) + fW(&)) is between f@)(&;)

an.
Theorem implies there is & between &; and & such that f(*)(¢) =

d f (52) the Intermediate Value
%( V(&) + fW(&)). Hence

ey @+ h) =2f(@) + fle—h)  fOE
fi(z) = 2 + h?

and so
f(4) (5) h2

B(h) ="
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S08.4: Let X be a compact subset of RY and let {f,(z)} be a sequence of continuous real functions on
X such that 0 < fpy1(x) < fr(z) and TLILH;O fa(x) = 0 for all x € X. Prove Dini’s Theorem that f,(x)
converges to 0 uniformly on X.
Proof:
Let € > 0 be given. Then we must show there is a N € N such that for all x € X, |f,(x)— f(z)| < ¢
where f : X — R is defined for x € X by f(z) := nh%nOlo fn(z) = 0. To do this, define E,, = {x €
[0,1] | fa(z) < €}. Then E, is open since E,, = f,}((—00,¢)) is the preimage of an open set
and f, is continuous. Moreover, because f,, is monotonically decreasing, the the E,, are ascending,
ie., E, C E,4 for each n € N. Since {f,} — 0 as n — oo, {E,}72; forms an open cover of
[0,1]. Then, by the compactness of [0, 1], there is a finite subcover of [0, 1], which implies there is
a N € N such that Ey covers [0,1]. Then for all n > N and z € [0, 1], we have z € Ex and so
|fn(x) = f(x)| = |fu(x)| < €, completing the proof. O
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S08.10: Suppose A is an n X n complex matrix such that A has n distinct eigenvalues. Prove that if B is
an n X n complex matrix such that AB = BA, the B is diagonalizable.
Proof:

content... ]
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S08.12: Let A € M,(R) be symmetric and S := {z € R" : ||z|| = 1} be the unit sphere in R". Let x € S

be such that

(Az, ) = sup (Ay, y) (95)
yeS

where (z,y) is the usual inner product on R". (By compactness such z exists.)

a) Prove (z,y) =0 = (Az,y) = 0. Hint: Expand (A(x + ey), z + ey).

b) Use (a) to prove x is an eigenvector for A.

c¢) Use induction to prove R has an orthonormal basis of eigenvectors for A.

Note: If you use part c) to prove part a) or part b), then your solution should include a proof of ¢) that

does not use part a) or part b).

Solution:

a)

Define f : R™ — R by f(y) = (Ay,y) and define g : R™ — R by ¢g(y) = (y,y) — 1. Then

(Ax, z) is the max of f subject to the constraint g = 0. Moreover,
Vf(y) =24y and Vg(y) = 2y. (96)

Lagrange’s theorem for multipliers asserts that if the first partials of f and ¢ are continuous
and f attains an extremum at a point x subject to g(x) = 0, then V f(z) = AVg(x). Indeed,

V f and Vg are linear and so the partials of f and ¢ are continuous. Hence

24z =V f(x) = Ag(x) = 22 = Az =z, (97)
which implies z is an eigenvector of A (n.b. x # 0 since ||z|| = 1). Moreover,

as desired.
We already proved in a) that z is an eigenvector for A.

We now prove the real spectral theorem. If n = 1, then z forms an orthonormal basis for R.
Now suppose n > 1 and that the result holds for Kk = 1,...,n — 1. Again let x € R" be the
eigenvector of A as above. Set U = span(z) and observe Az = Az € U. This implies U is

invariant under A. In fact, if u € U and w € U+, then 0 = (u,w) and so
(u, Aw) = (A'u,w) = (Au,w) = Au,w) = X (u,w) = X-0=0, (99)

which implies Aw € U+. Hence U' is invariant under A. Moreover, since R* = U & U™,

we have dim U+ = dimC™ — dimU = n — 1. Since U~ is invariant under A, the inductive
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hypothesis then implies the restriction of A to UL has an orthonormal basis consisting of
eigenvectors of A, say ej,...,enp—1. And, (z,e;) = 0 for ¢ = 1,...,n — 1 since x € U and
e; € UL, Thus, z,e1,...,e,_1 forms an orthonormal basis of R™ consisting of eigenvectors for

A. This closes the induction and the result follows.

We lastly verify R" = U @ U+. Suppose v € UNU*. Then (v,v) = 0, which implies v = 0
and so U N U+ = {0}. Now let v € R™. Then

v=(v,z)r+v— (V)T =Uu+Ww (100)
—_—— —
u w
where u € U and w € U+. To see that w € U=, simply note that (w,z) = (v, ) — (v,2) = 0.
This shows R" = U + U~+. Combined with the fact U N U+ = {0}, we obtain R" = U @ U~.

0
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W08.01: Let g € C([a,b]) with a < g(x) < b for all z € [a,b]. Prove the following:

a) g has at least one fixed point p € [a, b].

b) If there is v < 1 such that |g(z) — g(y)| < v|z —y| for all z,y € [a, b], then the fixed point p is unique,

and the iteration z,+1 = g(z,) converges to p for any initial guess xy € [a, b].

Proof:

a) Define f : [a,b] — [a,b] by f(x) = g(z) — x. Then f is continuous since it is the composition
of continuous functions. We know f(a) > 0 since g(a) > a and f(b) < 0 since g(b) < b. If
f(a) =0 or f(b) = 0, then we have a fixed point and are done. So, suppose this is not the
case. Then f(a) < 0 and f(b) > 0. Then, by the Intermediate Value Theorem, there exists
x € (a,b) such that f(x) =0. Such an x is a fixed point of g.

b) This is essentially a proof of the Banach Fixed Point theorem. Since [a,b] is complete, it

suffices to show that {z,} is Cauchy. First note

(@1 — 2l = [9(n) = glan1)| < ylew —2at| < - <yMfer —wol (101)

This implies for n > m

n—1
| — x| < Z |zj41 — 4] Repeatedly apply triangle inequality
j=m
n—1
< A lw — Use (101)
j=m
n—m—1
="z — x| Z o Reindex sum (102)
j=0
o
< A"x1 — o Z o Relate to geometric series
j=0
= (W) - Compute limit of series
Since 0 < v < 1, ¥y — 0 as m —> oo. So, for any € > 0, we can find and N such that
|y, — x| < (W) -4™ < e whenever n,m > N. (103)

Thus, the sequence {z,} is Cauchy. Since [a, b] is complete, it follows there is a x € [a, b] such
that z,, — x. But, this implies

v lim o= Jim e =l g(en) = (Jim ) = o(2) (104
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where we have used the continuity of g to pull the limit to the argument of g. Thus, the limit

x is a fixed point of g, and this was irrespective of the initial guess xg.

All that remains is to show that p is unique. By way of contradiction, suppose there is g # p

such that g(q) = ¢. Then

lp—al=19(p) —9(@)| <~vlp—ql <lp—dl, (105)

a contradiction. Hence the fixed point is unique.

89 Last Modified: 4/18/2017



Basic Qual Notes Heaton

F08.1: For which of the values a = 0, 1,2 is the function f(¢) = t* uniformly continuous on [0, 00)? Prove
your assertion.

Proof:

For a = 0: We claim f(¢) = t° = 1 is uniformly continuous on [0,0c0). Let ¢ > 0. Then, for any

x,y € [0,00) we see that

[f(2) = f)l=12" =’ =1 -1 =0<e. (106)
For a = 1: We claim f(t) = t! = ¢t is uniformly continuous on [0,00). Let ¢ > 0. Then for any
x,y € [0,00) such that |x — y| < e we have |f(z) — f(y)| = |z —y| <e.

For a = 2: We claim f(t) = ¢ is not uniformly continuous on [0,00). Let ¢ > 0 be given. Then
for each 0 > 0, picking z = £/2¢ yields that

If(x+06) — f(z)] = |(z + 6)? — 2% = |226 + 6| > 226 = e. (107)

Hence there does not exists a § > 0 such that |z —y| <  implies |f(z)— f(y)| < e with z,y € [0, c0).

That is, f(x) is not uniformly continuous. O
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F08:3 Give an example of a sequence of continuous real-valued functions f, on [0,1] such that f(¢) =
lim f,(t) is continuous, but for which fol fn(t) dt does not converge to fol f(t) dt.
n—oo

F08.4:

Proof:
For each n € N, define f,, : [0,1] - R by

0 if x> 1/n,
fn(w) =  4n’x if 0 <2 <1/2n, (108)
2n —4n?(x —1/2n) if 1/2n <z < 1/n.
The function f,,(x) is clearly continuous in each interval [0,1/2n), (1/2n,1/n), and (1/n, 1] since

there f,, is the sum of a constant function and a multiple of x. Now, to check the two points of

question (i.e., 1/2n and 1/n), observe that

lim  4n’z = 4n?(1/2n) = 2n = 2n — 4n%(0) = lim 2n —4n?(z — 1/2
i At = dn (1/2n) = 2n = 2n — 4n°(0) My W (z —1/2n), (109)
and
lim 20 —4n?(z —1/2n) = 2n — 4n*(1/n —1/2n) = 2n —4n*(1/2n) = 0= lim 0. (110)
z—1/n~ z—1/2nt

So, fn is, in fact, continuous. Furthermore, f,(z) forms a tent function of area one, i.e.,

1 1/2n 1/n
/ fn(x) do = / An’z dx +/ 2n — 4n%(z — 1/2n) dz
0

0 1/2n
1/2n 1/n 1
:/ An’z da:+/ 2n dx—/ 4n*(z — 1/2n) dz
0 1/2n 0
1/2n 1/2n 1/2n
= / 4n’x dx +/ 2n dz —/ 4n?z dx (111)
0 0 0
1/2n
:/ 2n dz
0
= 2n(1/2n)
=1

To show the convergence of {f,}, let ¢ > 0 be given and = € [0,1]. Then by the Archimedean
property of R, we can pick N € N such that 1/N < x. It follows that |f,(z) —0/=[0—-0]=0<¢
whenever n > N. Thus, for each z € [0,1], we have that f,(z) — 0 as n — oo. Consequently,
F(x) =0 and so fol F(x) dx = fol 0de=0#1= nll_}rlolo fol fn(x) da. O
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a) Suppose that K and F are subsets of R? with K closed and bounded and F closed. Prove that if
K NF =, then d(F, K) > 0. Recall that d(K, F) = inf{d(z,y) | x € K,y € F}.

b) Is a) true if K is just closed? Prove your assertion.

Proof:
a) We proceed by proving the contrapositive of the claim. So, suppose d(F, K) < 0. Since the
metric function maps to [0, 00), it follows that d(F, K) = 0. This implies

0 =inf{d(z,y) | z€ K,y € F}. (112)

That is, for each € > 0, we can find € K and y € F such that d(z,y) < e. Thus, there exists
sequences {z,, } and {y,} in K and F, respectively, such that d(z,,y,) < 1/n for each n € N.
But, because K is closed and bounded, it follows from the sequential compactness theorem

that {z,} has a convergent subsequence {x,, } where ny > k. We will denote the limit by z.

We claim that {y,} — x. To show this, let ¢ > 0 be given. Then, by the convergence of
{zn}, there exists N; € N such that d(zy,,x) < €/2 whenever k£ > N;. By the Archimedean
property of R, there is No € N such that 1/Na < /2. Define N = max{N;, No}. Then

d(Yny,, ) < d(Yny, Ty, ) + d(Tn,,x) <e/24+¢e/2=¢ (113)

whenever k& > N. Thus, {y,,} — x. But, since F' is closed, it must follow that z € F.
Similarly, z € K and so x € K N F, which implies K N F # ().
]
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F08.5: Suppose Y -7, an converges, but no absolutely. Show then that for any a € R, there is a rearrange-
ment of > > | a, that converges to a.
Proof:

Given a sequence {a,}, we introduce the sequences {a;’ } and {a,, } defined by

n Qp, if ap > 0, B —an, if a, <0,
a, = and a, =
0,if a,, <0, 0, if a, > 0.
Then note |a,| = a} + a,, and a, = a} — a,,. We claim that Zn Lar =3 a, = oco. Indeed,
since Y 0% fan| =D 0l at + > 07 ar,, we cannot have Y 2, a; and Y o2 a,; both be bounded.

For this would imply > >, |ay| is bounded. And, since Y 7 an = > o0 at —> 02 a,,, if either
of Y02 ab or > °° a, is unbounded, then so must the other. Otherwise, > >, a, would be

unbounded.
We now construct a rearrangement of our series that converges to a. Let by, b, ... be the numbers
af, a2+, ... in the same order, but with the zeros omitted, and let cq,ca, ... be the numbers a;,ay

in the same order, but with the zeros omitted. Then any series of all the b,, with plus signs and ¢,

/

with minus signs will be a rearrangement of " >° , a,, which we shall denote by >">°, ar,.

First suppose a > 0. Then let a} = b1, ay = be, and so on until the first n; € N such that
by + -+ bpy > a.
Then take a;,, ;1 = —c1, a;, o = —c2, and so on until the first ng € N such that
b4+ 4by, —c1——cpy, < a.

Then repeat this process, adding b,’s until the sum is greater than a and then subtracting c,’s

/

until the sum is less than a, back and forth, for each natural number. We claim ) > a,

= a.
Since anl n = fo:l —c, = 00, no matter how many b,’s or ¢,’s have been used in the sum,
those remaining will still add to oo. So, at each step of the process there will be a sum of b,
that will get the partial sum above a and then ¢,’s that will get it below a. Let N € N so that
ni+no+--+ng1 <N <njp+ng+---+ng for some £ € N. Then the difference between
the partial sum Z _,a,, and a is bounded by the finite sum by, ,41 + -+ + by, when k is odd

and ¢p, 41 + -+ + cp, when k is even. Since the sum of a,’s converges, lim a, = 0 and so

lim b, = lim ¢, = 0. Thus, given € > 0, there is a K € N such that Zn Lan — a‘ < € when
n—oo n—oo

N >ni+no+---+ni_1 with k£ > K. Thus, this rearrangement converges to a. Similarly, if a < 0,
then just begin with the ¢, instead of the b,,.

93 Last Modified: 4/18/2017



Basic Qual Notes Heaton

O
2009
S09.1: Set a; = 0 and define the sequence {a,} via the recurrence
ap+1 = V6 +a, foralln > 1. (114)

Show that this sequence converges and determine the limiting value.
Proof:
First, by induction, we show each a,, is bounded above by 3 for n € IN. The base case holds since

ao = 0 < 3. Supposing a, < 3 for some n € N, we see

an+1 =V6+a, <V6+3=3 (115)
and so we have closed the induction. We claim a,+1 > a, for each n € N. Indeed,
a2 —ap =ap(a, —1)<3(a, —1)<3B3-1)=6 = a2 <6+a,. (116)

This implies a, < /6 + an, = an+1 and we have closed the induction. Thus, {ay}5°; is monotoni-
cally increasing and is bounded above. Then by the monotone convergence theorem, this sequence

converges to some limit L. Then, because f(z) = /6 + x is continuous,

L= lim a, = lim apy; = lim f(an) = f ( lim an) =f(L)=v6+ L, (117)
n—00 n—00 n—o00 n—oo
This implies 0 = L? — L — 6 = (L — 3)(L + 2). Since a,, > 0, it follows that L = 3. O
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S09.2: Compute the norm of the matrix

2 1
A:[O \/§] (118)

That is, determine the maximum value of the length of Az over all unit vectors x.
Solution:

We seek to compute ||A||2, which is defined by
[All2 := sup {[|Az]2 : [[=]| =1}. (119)

Using the spectral radius, we know

JAll2 = \/ Anae (AT 4) (120)

where Apaz (AT A) denotes the maximum eigenvalue of the matrix AT A. We compute the eigenval-

2 0 2 1 4 2
Ll e d) e

So, the characteristic polynomial x () is given by

ues of AT A as follows. First note

AT A =

XA i=det(ATA-X) = (4-XN?—4=X-8A+12=(A—6)(\—2). (122)

All2 = V6| O

Hence the eigenvalues are 2 and 6, from which we conclude
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S09.3: We wish to find a quadratic polynomial P obeying
P0)=a, P@O)=8 Pl)=v PQ)=6 (123)
where / denotes differentiation.

a) Find a minimal system of linear constraints on («, 3,7, 0) such that this is possible.

b) When the constraints are met, what is P? Is it unique? Explain your answer.

Solution:
a) Sine P is quadratic, we can write P(z) = az? + bz + ¢ for some a, b, ¢ € R. The first constraint
gives P(0) = ¢ = a, the second § = P'(0) = [2az + b]y—0 = b, the third v = P(1) =
[az? 4 bx + ¢|z=1 = a + b+ ¢, and the fourth § = P'(1) = [2ax + b],=1 = 2a + b. Expressing

this as a linear system we can write

0 0 1 o
0o10]]" 3
b | = , (124)
111 ~
c
2 10 1)
which can be reduced to
0 0 1 o
0o10]]"° 3
b | = (125)
111 ~y
c
0 00 0—2v+ B+ 2«
So, a solution exists provided § = 2y — § — 2«. In this case, we obtain
0 01 a o
010 b | =
b (126)
1 11 c ot
—_—N— =
A T b

Define A, x, and b to be the underbraced quantities.
b) Yes, the solution P is unique. By simple computation, we find det(A) = —1 # 0 and so A is

invertible. This implies = A~1b, which gives an explicit expression for each of the coefficients
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of P. Namely,
—a— [+
r=A"1b= 6] = Pla)=Cr-a-p)2*+pr+a (127)
a

where § = 2v — 8 — 2a.

97 Last Modified: 4/18/2017



Basic Qual Notes Heaton

F09.4: Let V be a finite dimensional R~vector space, whose dimension we denote by dim(V'), equipped with
an inner product (-,-) : V x V — R. For a vector space U C V', denote by U L its orthogonal complement,
i.e., the set of v € V such that (v,u) = 0 for all u € U. Show that dim(U) + dim(U+) = dim(V).

Proof:
First we will show that V = U @ UL. Let v € V and e1,...,en be an orthonormal basis of U.
Then

v=(v,e1)er+ -+ (V,em)em+v—(v,e1)er — - — (U, en) en . (128)

u w

Let v and w be defined as in the above equation. Clearly, u € U. Because eq,...,¢e,, is an
orthonormal list, for each j = 1,...,m we have (w, e;) = (v,e;) — (v, e;) = 0. Thus, w is orthogonal
to every vector in span{ey, ..., ey}, which implies w € U~L. Thus, we have written v = u+w where

weUand we UL, So, V=U+U*. Now, suppose y € UNU*. Then (y,y) = 0, which implies
y = 0. Thus, U N UL c {0} and, since 0 is in every vector space, U N U+ = {0}. This implies
V =U®U*. Now let f1,..., f, be a basis for U+. Then, because UNU+ = {0} and U U+ =V,
We see €1, ...,em, f1,-- ., fn must form a basis for V. Thus, dim(V) = n+m = dim(U+) +dim(U).

]
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F09.12: Let V be an n-dimensional vector space over C (with n > 2) with a set of basis vector ey, ..., ey.

Let T be a linear transformation of V' satisfying T'(e1) = ea,...,T(en—1) = en,T(en) = €1.

i) Show that 7" has 1 as an eigenvalue and write down an eigenvector with value 1. Show that, up to

scaling, it is unique.

ii) Is T diagonalisable? (Hint: Calculate the characteristic polynomial.)
Proof:
i) Let v=e1 +---€,. Then
Tv=T(e1+ - +ep_1+ey) =€+ ---+e,+e1 =€+ +ep_1+e, =0 (129)

So, there exists v € V with eigenvalue 1. Now we must show it is unique up to scaling. Let
w € V be any eigenvector with eigenvalue 1. Then there exists scalars ai,...,a, € C such
that w = aye1 + -+ - + anen. Then

T(w)=T(are1 + -+ aney)=ajea + -+ -ane; = ane; +ajea + -+ ap_1€p. (130)

This implies a1 = a9, ag = ag, ..., a, = a1. That is, a1 = a9 = --- = a,. Let @ = a;. Then
w = ale; +ex+---+e,) = av. Hence, up to scaling, the eigenvector v of T with eigenvalue

1 is unique.

i)
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2010
S10.1: Let uy,...,u, be an orthornormal basis of R™ and let y1,...,y, be a collection of vectors in R"
satisfying ), llyi||* < 1. Prove that the vectors uy + y1,. .., U, + ¥, are linearly independent.

Proof:

Lemma: Let A € Maty,x,(R). If |A]| < 1, then I — A is invertible.

Suppose I — A is singular. Then there exits v* € R"™ such that (I — A)v* = 0, which is equivalent
to saying Av* = Iv* = v*. That is, [ — A is singular iff 1 is an eigenvalue of A. If 1 is an eigenvalue
of A, then there is a unit vector v € C” such that ||A| > |[|Av|| = ||v]| = 1. Thus, if ||A| < 1, then

1 is not an eigenvalue of A, which implies I — A is invertible. |

Define L : R™ — R"™ by L(u;) = —y;. Then the columns of the matrix I — L form the vectors
u;+y; fori =1,...,n. And I — L is invertible iff these vectors are linearly independent. Then, by

the above lemma, it suffices to show [|A| < 1.

Let x € C™ be a unit vector. Then there are unique scalars a1, ..., a, such that r = ajui+- - -+a,u,.

Then, using the triangle and Holder’s inequalities,

1/2

n n n 1/2 n 1/2 n
L] = H—Zaiyi <> lail lwill < (Z(ﬁ) (leyi\l2> < [l - (Z !!y¢!!2)
i=1 i=1 i=1 i=1 i=1

So, for all nonzero x we have

12 2
T

i=1
To see that the last inequality holds, define a := Y, ||y;||%. If /& > 1, then a = /ay/a > Va > 1,

a contradiction. This implies ||L|| < 1 and we are done. O
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S10.2: Let A be a n x n real symmetric matrix and let Ay > ... > A\, be the eigenvalues of A. Prove that

A = min (Azx,z),

max
U, dim U=k z€U,||z|=1
where (-,-) denotes the usual scalar product in R" and the maximum is taken over all k& dimensional

subspaces of R".

Proof:
First note that since A is symmetric, it follows from the Real Spectral Theorem that there exists
an orthogonal matrix P such that A = PTAP where A is a diagonal matrix, consisting of the

eigenvalues of A. Consequently, for any z € R"
(Az,z) = (PTAPz, )= (PTAPz)Tz = (APz)T Pz= (APx, Px).

Note
|Pz||*> = (Px, Px) = (PTPx,z) = (P™' Px,z) = (x,2) = ||=|*.

Thus, for z € U with ||z|| =1

n n
(Az,z) = (A(Pz),Pz) = > N(P2)? = Ain Y _(P2)} = Amin [ P2]|* = A
i=1 i=1
where A\, denotes the minimum eigenvalue of A with an eigenvector Pz with « € U. In each k
dimensional subspace U of R"™, A has eigenvectors corresponding to k eigenvalues. From the above,
it follows that the subspace U that maximizes the expression is that with the largest eigenvalues;
namely, it contains the eigenvectors corresponding to Aq,..., Ax. Since Ay is the smallest of these, it

follows that in this subspace the minimum of (Az,x) will be A\;. Hence the desired equality holds.
O
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S510.3: Let S and T be two normal transformations in the complex finite dimensional vector space V with a
positive definite Hermitian inner product such that ST = T'S. Prove that S and T have joint basis vectors.

Proof:
Using the commutativity....
Let v € B\ 7. Then

T(Sv) = S(Tv) = S(\v) =A(Sv) = (Sv)€ Exr

and so S(Exr) C Exr.
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S10.4: i) Let A = (a;j) be an n x n real symmetric matrix such that >, . a;jz;z; < 0 for every vector
x = (x1,...,2,) € R"™ Prove that if tr(A) = 0, then A = 0.
ii) Let T be a linear transformation in the complex finite dimensional vector space V' with a positive definite
Hermitian inner product. Suppose that T7T* = 4T — 31, where [ is the identity transformation. Prove that
T is positive definite Hermitian and find all possible eigenvalues of T'.
Proof:
i) Recall that tr(A) = A1 + --- + A\, where \; gives the i-th eigenvalue of A for i =1,...,n. Let

v; be an eigenvector of A with eigenvalue A;. Then
0> (Av,v) = (Av,v) = A (v,v) .

Since v # 0, (v,v) > 0 and so the above implies A < 0. Thus, tr(A4) < 0 with equality holding
precisely when \; = 0 for each i = 1,...,n. So, if tr(A) = 0, then all of the eigenvalues
are zero. And, since A is real symmetric, it is similar to a diagonal matrix, consisting of the
eigenvalues of A. This implies A is similar to the zero matrix, i.e., there exists invertible P
such that A = POP~!. Then A = P(0OP~!) = P0 = 0.

ii) Recall that (TT*)* = (T*)*T* = TT*. This implies 4T — 3] = (4T — 31)* = 4T* — 3I* =
4T* — 31. For v € V we have ((4T — 31)v,v) = 4(Twv,v) — 3(v,v) and ((4T* — 3I)v,v) =
4(T*v,v) — 3 (v,v). Equating these, we see (T'v,v) = (T™*v,v), which implies T'= T* and so
T is self adjoint, i.e., T is Hermitian. Then 4T — 31 = TT* = T? and so T? — 4T + 31 = 0.
Thus, by factoring, we see (T'—3I)(T'—1I) = 0 and the eigenvalues of T" are contained in {1, 3}.

All that remains is to show T is positive definite. Since T is normal, it follows from the
complex spectral theorem that their exists unitary P and diagonal A = diag(A1,...,\,) such
that T'= P*AP. This implies for x € V that

(Tx,x) = (P*APz,z) = (APx, Px) Z)\ (Pz)? Z (Pzx, Pz) = (P*Px,x) .

where the inequality follows from the above where it was shown that \; > 1 for each i. Thus,
(Tx,z) = (P*APz,z) >= (P 'Px,2) = (z,2) = ||z||* > 0.

where we use the fact that P* = P~!. Hence for 2 # 0 we have (T'z,z) > 0, i.e., T is positive
definite, as desired.
O
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S10.5: Let A, B be two n x n complex matrices which have the same minimal polynomial M (¢) and the
same characteristic polynomial P(t) = (t — A1) ---(t — A\;)* where \; # \; for ¢ # j. Prove that if
P(t)/M(t) = (t — A1) - (t — A\g), then these matrices are similar.
Proof:
Using P(t)/M(t), for i = 1,...,k we see that there is a Jordan block of size a; — 1 with the
eigenvalue \; along the diagonal. This implies there is only one remaining Jordan block for each
A; and that it is of size 1. So, we can uniquely identify the Jordan form J of A, up the order of
the Jordan blocks. So, there is invertible P such that A = P~1JP. Similarly, there is invertible Q
such that B = QJQ~!. Since J = PAP~!, it follows that

B=Q(PAPTHQ™! = (QP)A(PT'Q™") = (QP)A(QP) ",

which implies that A and B are similar. O
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4 —4
1 0

a) Find the Jordan form J of A and a matrix P such that P~1AP = J.

S10.6: Let A =

b) Compute A% and J1%0,

¢) Find a formula for a,, when a1 = 4a,, — 4a,—1 and ap = a and a; = b.

Solution:
a) First observe that the characteristic polynomial of A is given by x(\) = det(A\] — A) =
A(A—4) 44 = (A —2)2. Moreover, the minimal polynomial of A is equal to the characteristic

2 —4
wa[? e

This implies the Jordan form of A is a single Jordan block, i.e.,

tH

where A = 2 is the single eigenvalue of A and has multiplicity 2. Solving the linear system

polynomial because

(A—2I)v =0, it is clear that v; = (2,1) is an eigenvalue of A. Furthermore, since

2 —4 2 —4 0 0
(A — 2_[)2 = = )
1 -2 1 -2 0 0
it follows that any vector vo not equal to a scalar multiple of v; is a generalized eigenvector

of A, e.g., v2 = (1,0). Then let P[v; vs] and observe that
4 —4 2 1 4 4

_ and  PJ — 2 1 2 1 _ 4 4
1 0 10 0 2 2 1

10 2 1
and so AP = PJ. Since v; and vy are not scalar multiples, they are independent and P is
invertible. Hence A = PJP~!.

b) Now, observe that
1 1
J=MN+N=2A\ 0 + 0 .
0 1 00

Then, by the binomial theorem,

AP =

105 Last Modified: 4/18/2017



Basic Qual Notes

But, N> =0 and so N” = 0 for all » > 2. Thus,

Heaton

1
A\ )\n—l
Jn — Z <n> )\nfr‘N’r' — <n> )\nNO + <’I’Z> )\nle — AnI 4 n)\nle — n )
—o \" 0 1 0 A"
So,
100 2100 100 - 299
J = 0 2100
and 1
quo0_ | 21 2100100 - 29 2 1
1o 0 2100 |11 0
2 1| 2% 100-2% [ |0 1
1o 0 2100 | | 1 9 |
c) Let o, = (apn41,an). Then
A B 4 —4 Gp41 i dani1 — 4ay B
Oy = = = Op+1-
1 0 an Anp+1
Thus, in general, a,, = A"g. But,
Ar — pynp-l _ yn-1 21 An 0 1 _ yn-1 2n+ A —4n .
10 0 A 1 -2 n A—2n
Hence
o = yn-1 2n+ A —4n a1
" n A—2n ag ’

which implies a, 11 = A"~ ([2n + Aa; — 4nag) and so
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an =A""2([2n — 2+ A\b—4(n — 1)a).

O
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S10.7: Let {f,} be a sequence of real-valued functions on the line, and assume that there is a B < 0o such
that |f,(x)| < B for all n and . Prove that there is a subsequence {f,, } such that kli)ngo [, (1) exists for
all rational numbers 7.
Proof:
We proceed making use of the standard diagonalization argument to construct the desired sub-
sequence, which is here denoted by { fm(j)};?‘;l. First let ¢ : N — @Q be a bijection. Since
fu(o(1)) € [-B, B] for each n € N and [—B, B] is closed and bounded, the Bolzano-Weierstrass
Theorem implies there exists a subsequence { f,,,(j)(c(1))}32; that converges in [-B, B]. Similarly,
from the sequence of functions { fm(j)};il we can find a subsequence we can find a subsequence
{ fn2(j)}‘]?‘;1 such that the limit kli)ngo Ina(j)0(2) exists. We can continue in this fashion inductively,
i.e., for each subsequence n(j) we can find a subsubsequence ny1(j) such that kl;rilo FrpsaGyo (b+1)
exists. By the construction of ny.q, we further have klggo frpr(yo (@) exists for i = 1,... k + 1.

Using this, define the sequence {m(j)}32; by m(j) = n;(j).

We claim lim f,,(;)(q) exists for each ¢ € Q. To show this, let ¢ € Q be given. Then there is k € N
j—o00

such that ¢ = o (k). Then there are only finitely many terms in the sequence { fy,(;) (o (k)) 32, that

are not also in {fy, (o (k))}32;, namely, the k — 1 terms f,, 1)(o(k)), ..., fn,(k—1)(0(k)). Hence

{fm@)(o(k))}32, must converge to the limit of {f,,, ;)(c(k))};2,. Because ¢ was chosen arbitrarily,

this holds for each rational number, completing the proof. ]
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S10.8: Assume that K is a closed subset of a complete metric space (X, d) with the property that, for any
e > 0, K can be covered by a finite number of sets B.(z) = {y € X | d(z,y) < €}. Prove that K is

compact.

Proof:

By definition of the completeness of X, every Cauchy sequence in X converges to a point in X.
Since K C FE, every Cauchy sequence in K converges to a point in X. Moreover, because K is
closed, K contains its limit points and so every Cauchy sequence in K converges in K, i.e., K is
complete. Since a K is compact iff it is sequentially compact, we prove that K is sequentially com-
pact. Let {z,,} be a sequence in K. It suffices to show this sequence has a convergent subsequence

{zn, }. By completeness of K, this is accomplished if we show {z,, } has a Cauchy subsequence {zy, }.

Cover X by finitely many balls of radius 1. (This is possible since X is totally bounded). By the
pigeonhole principle, at least one of these balls must have an infinite number of ;. Call this ball
By and let S7 be the set of integers ¢ for which z; € B;. Continuing in an inductive fashion, for
each k € N with £ > 1, we define B to be the intersection of Bi_; and an open ball of radius
1/k containing an infinite number elements from the collection {z;};cs, ,. Let Sy be the collection
of indices i of these x; € By. Each of the Sy is infinite. So, we can pick a sequence {nj} with
ng < ni41 for each k. Since the S}, are nested, it follows that whenever i, j > k, then n;,n; € S.
Hence for i,j > k, x,, and x,; are contained some open ball of radius 1/k centered at a point c,
so that
d(Tn;, Tn;) < d(Tp,, ) + d(ck, vn;) < 2/k.

By the Archimedean property of R, for each € > 0 we can find N € N such that 1/N < /2. Hence
d(xn;, rn;) < 1/N < & whenever 4,j > N. Thus, {z,,} is Cauchy. O
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S10.9: Assume f(x,y,z) is real valued and continuously differentiable such that f(zg,y0,20) = 0. If
V f (0, Y0, 20) # 0, show that there is a differentiable surface, given parametrically by (z(s, t), y(s, t), z(s, t))
with (x(0,0),y(0,0),2(0,0)) = (x0, Yo, 20), on which f = 0.
Proof:
Since V f(xo,y0,20) # 0, at least one of the partial derivatives of f at (zo,¥o,20) is nonzero.
Without loss of generality, suppose f.(xo,vo0,20) 7 0. Then the implicit function theorem implies
there is an open subset U C R? containing (zo,y0), an open subset V' C R containing zp, and a
differentiable function g : U — V such that

f(@,y,9(z,y)) = f(w0,90,20) =0 V(z,y) € U.

For (z,y) € U, define s := x — xg and t = y — yp so that x(s,t)...

Since

- of af of
[ax dy 8]

Vi(z,y,z) =
and V f (zo, Y0, 20) 7 0, we may assume, without loss of generality, that 0f(x, yo, z0)/0z # 0 and so
(0f (0, Y0, 20)/02) ! exists. The implicit function theorem implies there is an open subset U C R3
with (20,%0,20) € U and an open subset W C R? with (g, y0) € W such that for each (z,y) € W
there is a unique z such that (z,y,2) € U and f(x,y,z) = 0. Due to this uniqueness, we may define
g: W — R by z = g(x,y), which the implicit function theorem further tells us is differentiable. We
have shown by the implicit function theorem that for (z,y) € W we have f(x,y, g(z,y)) = 0. Define
Wo = {(z—20,y—w0) | (x,9) € W}. We now parametrically define our surface mapping Wy in R3
by x(s,t) = s+ x0, y(s,t) = t+yo, and z(s,t) = g(s+ 0,y +yo). As noted above g is differentiable
and s+xo and y+yo are also and so the composition z(s, t) is differentiable. The functions z(s,t) and
y(s,t) are also clearly differentiable. Then (z(0,0),y(0,0), 2(0,0)) = (z0, Yo, 9(x0,Y0)) = (%0, Yo, 20),
as desired. Furthermore, through this construction we have f(x(s,t),y(s,t),z(s,t)) = 0, and we

are done. ]
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S10.10: Let f(x,y) be the function defined by
Ly
T,Y) = ———
J@y) = —==— 2
when (z,y) # (0,0) and f(0,0) = 0.

a) Compute the directional derivatives of f(z,y) at (0,0) in all directions where they exist.

b) Is f(z,y) differentiable at (0,0)? Prove your answer.

Proof:
a) Let h = (a,b) € R? with ||(a,b)|| = 1. Then the directional derivative of f in the direction of

h is given by

0
b.

_ 2 2
lim M = lim abt = lim abt = lim * a
t—0 t =0ty /(at)2 + (bt)2 =0 t|t|v/a? + 02 =0 [t

t t

If a=0o0rb=0, then lim — - ab = lim — - 0 = 0. So, the limit exists along the = and y
t—0 [t t—0 [t

axes and is equal to zero there. The directional derivative does not exist in other directions

because there limit as ¢ — 0+ is nonzero and equals the negative of the limit as ¢ — 0—.

b) We show f is not differentiable at (0,0) by way of contradiction. Suppose f is differentiable
at (0,0). Then there is a linear map L : R? — R such that

1 = 0.
coton (@) — (0,0)] 0

Since L exists, it is completely determined by the partial derivatives of f at (0,0). From the

limit in a) with either a = 0 or b = 0 we see these partial derivatives are zero, and, thus,

L =0. So,

f(z,y) _W_OWT |f(z,9)| xy xy

[(z,y) — (0,0)]] @yl @y)l? e+ y?
This implies
. | f(z,y) — f(0,0) — D(z,y)|l - 1
lim = lim - = _ 7é ()7
(z,z)—(0,0) [(z,y) — (0,0)] (z2)—(0,0) 202 2
a contradiction. 0
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S10.11: Suppose 2 |a,| < oo. Let 0 : N — N be one-to-one. The series Y 72| ay(, is called a

“rearrangement” of > > | a,. Prove that all rearrangements of > >° | a,, are convergent and have the same

sum.

Proof:
Since the series Y 7, |ap| is convergent, it is Cauchy and so, given £ > 0, there is a N € N such
that V¢ >k > N, Zf;:k |an| < e. Thus,

l
<D an] <, (131)
n=~k

l
> an
n=~k

and Y 7, a, converges. Let a denote the limit of this series and ¢ : N — N be a bijection. We

seek to show -
= g (132)
n=1

This will be done if, given € > 0, we can find N € N such that for all £k > N,
<e. (133)

k
Z aa(n) —a
n=1

Since Y7 | |an| is Cauchy, there is N1 € N such that Y 77° v\ an| < £/2. Now pick N > Ny such
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that {1,2,...,N1} Co({1,2,...,N}). For k > N we obtain

k k N1 e’
D oty =) =D Ao = Y an = Y an
n=1 n=1 n=1 n=N1+1
k 00
= Y. G D an
n=1,n¢o—1(1,2,...,N) n=N1+1
k (9]
< > G| t| X
n=1,n¢o—1(1,2,...,N) n=Ni+1 (134)
k )
< > laoy| + D lanl
n=1,0(n)¢{1,2,...,N1} n=N1+1
0
<2 ), ol
n=N1+1
<2-¢/2
:8,
as desired. (]
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S10.12: Assume that { f,,} is a sequence of nonnegative continuous functions on [0, 1] such that lim fol fn(z) do =
n—o0

0. Is it necessarily true that
a) There is a B such that f,(xz) < B for € [0, 1] for all n?

b) There are points xg € [0,1] such that lim f,(xg) =07
n—o0

Proof:
a) Consider the tent function of width 2/n? and height n. For each n, fol fn(z) dz =1/n. To be

more rigorous, define f; = 0 and for n > 1 define

n3z if x € [0,1/n?]
fo(x) = n—n3(x—1/n?) ifz e (1/n%2/n)
0 if x € [2/n,1].

Continuity of f,, is clear along the intervals [0,1/n?), (1/n%2/n?), and (2/n,1] since there
fn is linear. A simple check at 1/n? and 2/n? shows that the left and right hand limits of f,
agree there, which implies f,, is continuous. So, f,(1/n?) = n, which grows without bound.

Hence the claim of an upper bound B is not necessarily true.

b) Let 0 : N — @Q be a bijection. Then for each r € Q, define 7: @ — [0, 1] by

r if r € 0,1]
[l = Llrl) if r ¢ 10,1].

So, for each r € [0,1) N Q, we can find infinitely many natural numbers that (7 o o) maps to
r, which implies for each £ € N we can find n € N with n > k such that (too)(n) =r.

For each n € N, define g, : [0,1] — R for each = € [0,1] by

fo(@+(too)(n)—1/n?>+1) ifx+a,—1/n><0
gn(T) = < folx + (o) (n) — 1/n?) if0<z+a,—1/n?2<1
folx+ (too)(n)—1/n?—1) ifzx+a, > 1.

Our function g, is a slide of the tent function f, in a) around the interval [0,1] so that the

peak of the tent occurs at the rational number (70 0)(n).

Now pick zg € [0,1] and let n € N and € > 0 be given. To show 1i_>rn fn(zo) # 0, it suffices to
find k£ > n such that fx(xo) > 1/2. By the density of Q, there exists r € [0,1) N Q such that
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|zg — r| < 1/2n%. And, by construction of (7 o o), there exists k > n such that r = (70 o)(k).
This implies that the peak of gx occurs at r, i.e., gr(r) = n. Using the definition of g, it
follows that

|9 (20) = O] > |gx(r +1/2n)] = n/2 > 1/2.

Thus, there does not exists N € N such that |g,(z¢) — 0| < 1/2 for all n > N. This shows
li_)m gn(x0) # 0. Since ¢ was chosen arbitrarily in [0, 1], this holds for each zy € [0, 1]. Hence
n oo

the claim is false.
O
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F10.1: Let F be a closed subset of a metric space X with metric p.

a) Show that if K C X is compact, then K N F = () iff

inf Ly) > 0.
xe;gyer(x Y)

b) Is the statement in a) true if K is only assumed to be closed, rather than compact? Give a proof if

it is true, and a counterexample if it is false.

Proof:

2)

By way of contradiction, suppose

gt =0

Then for each n € N, there exists =, € K and y, € F such that p(z,,y,) < 1/n. Now,
since K is compact, it is closed and complete. This implies that the sequence {z,} has a
convergent subsequence {z,, } that converges to a limit x € K. Let ¢ > 0 be given. Then,
by the convergence of {z,, }, there is an integer K € N such that p(zy,,z) < €/2 whenever
k > K. Also, by the Archimedean property of R, there exists N € N such that 1/N < e/2.
Now define M = max{N, K}. Then

p(x,ynk) S p($?$nk) +p($nk7ynk) S E/2 +€/2 =€

whenever n > M. Hence {yy, } converges to . Since F' is closed, it follows that € F.. Then
x € K N F, which implies K N F # (), a contradiction. Thus, if K N F = (), then

inf > 0.
peinf p(x,y)

Conversely, now suppose K N F # (). Then there exists z € K N F. Then

meg}yer(af,y) p(z,z) =0,

a contradiction. Hence if inf p(z,y) > 0, then K N F = ().

rzeK,yeF
No, the statement does not hold with these looser conditions. To verify this, we provide
a counterexample. Let X = R? with the standard metric. Then define K = {(n,0) |
n € N} and F = {(n,1/n) | n € N}. Then both K and F are closed with intersection
K NF = (. However, for each n € N, there exists (n,0) € K and (n,1/n) € F such that
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p((n,0),(n,1/n)) = 1/n. Thus,

inf —0.
einf p(x,y)
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F10.2: Suppose f is a bounded function on [a, b].
a) Define “f is Riemann integrable on [a, b]”.

b) Prove directly from the definition that if f is continuous, then f is Riemann integrable.

Proof:
a) Let P = {I1,...,1,} be a partition of [a,b]. Then lower and upper Riemann sums of f are,

respectively, given by

n

-MﬁP)=§:<££f@0LmlamilNLP)= (wpf@O!&L

k=1 =1 \*€lk

The function f is Riemman integrable on [a, b] if

inf U(f, P) =sup L(f, P)
P P

where the infimum and supremum are taken over all partitions P of the interval [a, b].

b) To prove the claim, we show that, given any £ > 0,
infU(f,P) —sup L(f,P)| <e.
P P

Since [a, b] is closed and bounded, it follows from Bolzano-Weierstrass that it is compact. So,
f is uniformly continuous. Then there is a § > 0 such that, for z,y € [a,b], if |z — y| < 0,
then |f(z) — f(y)| < e/(b—a). By the Archimedean property of R, there is a N € N such
that (b —a)/N < 4. Then define a regular partition Py = {I;}2_, of [a,b] so that the width
of each subinterval is (b —a)/N < 4. Then

€
su x) — inf < ,
swp f() — inf S) <
which implies
€
su ) < inf + .
sup () < inf £(0) + 5=,
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(supf )|zk|
z€l}
(Jinf £+ 55 )ukr

N
<1nf f ) |Ik| “Ik‘

el
v =

Consequently,

U(f,P)

111 11-

Il

&~

~ |
s

fiP)+e.

But, this implies

i%fU(f,P) <U(f,Py) < L(f,Py)+ e <supL(f,P) +¢
P
But, by definition, L(f, P) < U(f, P) for each P. Hence

infU(f,P) —sup L(f, P)| <e.
P P
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F10.5: Prove or disprove the following two statements: For any two subsets S and S’ of a vector space V,

a) span(S) Nspan(S’) = span(S N S").

b) span(S) + span(S’) = span(S U S’).

Proof:

a)

We disprove this claim by a counter example. Let V =R, S = {0,1} and S’ = {0,2}. Then
span(S) = R = span(S’). So, span(S) Nspan(S’) = RN R = R. However, span(S NS’ =
span(0) = {0} and so span(S) Nspan(S’) # span(S N S’).
We prove the truth of this statement. Let u + v € span(S) + span(S’). Since S C SU S,
span(S) C span(SUS’) and so u € span(SUS’). Similarly, v € span(SUS’). Since span(SUS’)
is a vector space, it closed under vector addition and so u + v € span(S U S’), which implies
span(.S) +span(S’) C span(SUS’). Now let w € span(SUS’). Then w is a linear combination
of elements in SUS’, which implies we can write w = wj +ws where w is a linear combination
of elements in S and ws is a linear combination of elements in S’. But, then w; € span(S)
and wy € span(S’). Hence w € span(S) + span(S’) and span(S U S’) C span(S) + span(S’).
The desired equality follows.

g
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F10.6: Let T be an invertible linear operator on a finite dimensional vector space V over a field F'. Prove
that there exists a polynomial f over F' such that T-! = f(T)).
Proof:
Let f(t) = ap + a1t + - - - + a,t™ be the minimal polynomial of T" where ag,--- ,a, € F. We claim
ap # 0. For, if it did, then we would have f(t) = t(aj + ---a,t" 1), implying that either T = 0
or aj + -+ + a,T"! = 0, which both contradict the fact that f(¢) is the minimal polynomial of
T. Hence ag # 0. Since f(T') = 0, this implies that, upon subtracting ag from each side and then
dividing by —ag we get
I= —i(alT—i—---—l—anT”).

ag
Consequently,
1 1 -1 —1qm 1 n—1
T '=——(@T 'T+ - 4a, T 'T") = —— (@] + -+ a, T )
ap ao
and have that 77! is expressible as a polynomial of T, as desired. O
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F10.7: Let V and W be inner product spaces over C such that dim(V') < dim(W) < oco. Prove that there
is a linear transformation T': V' — W satisfying (T'(v), T(v"))y, = (v,v")y, for all v,v" € V.
Proof:
Let eq,..., e, denote an orthonormal basis for V and f1,..., f,, denote an orthonormal basis for W
where m < n. (Note an orthonormal basis for V' and W can be found from any basis of V and W,
respectively, using the Gram-Schmidt procedure.) Let v € V. Then there exists aq,...,a, € C

such that v = Z;”Zl aje;. Then define the linear transformation 7': V' — W by

m m
T(x)=T Y aje; | =Y a;fj. (135)
j=1 J=1
We claim that this choice of T satisfies the desired relation. To see this, let v € V. Then there

exists 31,...,8m € C such that v/ = Z;”:l Bje;j. Since the e; are orthonormal, (e;,e;) is 1if j =k
and 0 when j # k. Hence

(0,0) = O ajej, Y Bies) = a;B;. (136)
j=1 j=1 j=1

Similarly,
(T(), TOW) = > ajfs > Bifs) =D B (137)
j=1 j=1 j=1
and so the desired relation holds for this choice of T'. O
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F10.8: Let W7 and W5 be subspaces of a finite dimensional inner product space V. Prove that (I/VlﬁVVg)L =
VVlL + VV2L where W is the orthogonal complement of a subspace W of V.
Proof:
First let w € Wi+ and v € WiNWs. Then v € Wy, which implies (w, v) = 0 and so w € (W1NWs)*,
which implies Wit C (W N Wa)*. Similarly, Wi~ C (W; N Wa)*t. Since (W; N Wa)* is a vector
space, it is closed under vector addition, which implies Wi + Wi C (W N W)+

Now let v € (Wi NW3)+ and e, ..., e, be an orthonormal basis for Wit. Since Wi- C (W NWa)+,
we can extend this to an orthonormal basis ey, ..., e, of (Wi NWs)* where n > m. Then define o

to be the projection of v into Wﬁ, ie.,
0= (v,e1)er + -+ (v, em) em.

Of course, © € Wit. Also, v — © € W since (v — 0,e;) = (v,ej] — (v,ej] =0 for each j =1,...,m.
We now show v — 0 € WQJ- So, let y € Ws. Because V = Wy & Wf, there exists unique y; € Wy
and y2 € Wit such that y = y; +y2. Then y; € (W1 NWs) and v — 9 € (W; N Wa)+, which implies
{y1,v — ) = 0. Also, since yo € Wit, (y2,v — ) = 0. Thus, (y,v — 0| = (y1,v — 0| + (y2,v — 9| =0
and so (v — ) € W5-. This shows that v € Wi- + W3 and, thus, that (W3 N Wa)+ C Wit + Wik
The desired equality follows directly. O
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F10.9: Consider the following iterative method
Tyl = A*I(Ba:k +c)
where ¢ = (1,1)! and A and B are given by

20

a=(39) mae-(7)

a) Assume the iteration converges; to what vector x does the iteration converge?

b) Does this iteration converge for arbitrary initial vectors? Justify your answer.

Proof:
a) We claim that if the iteration converges to some z, then x = (=1, —1)%. Indeed,

)G
(o D) ()

L 2(zp) + ()2 + 1
2

(wk)l + 2 :L‘k)g +1

-1
-1

—1
—1

2 1
1 2

10

01

_ 1
A 1(B:U+c):2(

b) Observe that

($kz)1
(z1)2

)

N

Tppr = A By +¢) =

—~~

and so, if the entries of x) are nonnegative, then so also will be those of xg1.

xo = (0,0), then for each k € N we have
lzx, — 2l = (0,0) — (=1, =1)[| = [|(1, 1)[|= V2.

Hence the sequence does not converge for all initial vectors.

F10.11: Find the function g(x) which minimizes
1

[ 1@ as
0

123
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among smooth functions f : [0,1] — R with f(0) = f(1). Is the optimal solution g(x) unique.
Proof:
Using the Cauchy Schwarz with f/(z) and 1 to get

/01 (@) de < \//01 F(2)? do /01 12 dg— \//01 F(2)? da.

However, by the fundamental theorem of calculus, the left hand side of the above is equal to
f(1) — f(0) = 1. So, squaring both sides gives 1 < fol |f'(z)|?> dz. Furthermore, equality in
the Cauchy Schwarz relation occurs precisely when f’ and the constant function 1 are linearly
dependent, i.e., iff f' is a scalar multiple of 1. Given the constraints f(0) = 0 and f(1) = 1,
it follows that f’ is constant iff f/(z) = 1 iff f(x) = z. So, g(z) = = minimizes fol |f'(z)]? dz.

Moreover, this choice was unique due to the given constraints on f(0) and f(1). O

124 Last Modified: 4/18/2017



Basic Qual Notes Heaton

F10.12: Define D(t) = {2? + 3? < r2(t)} € R2, where 7(t) : R — R is continuously differentiable. For

a given smooth nonnegative function u(z,t) : R? x R — R, express the following quantity in terms of a

4 / u(z,t) do —/ ug(x, t) de.
dt \ /b D)

[You may use various theorems in Calculus without proof.]

surface integral:

Proof:
We make use of the Leibniz rule for differentiation under the integral sign. To do this, first we

switch to polar coordinates so that

d 27
— x,t) u(p, 0,t) pdpdf
de /D(t) u Tat / / per
27 d
/ [ ul(p,0,1) pdp] a0
0 d
2 r(t) dr(t
/ we(p,0,1) pp -+ u(r(£),0,) - (1) - Q(t)]de
0
2r  pr(t) 2
/ / +(p,0,1) pdpd0+/ u(r(t),0,t) - r(t) - dr(t)d@
o Jo 0 de
/ (z,1) dx—i—/ u(r(t), 0,1) - r(t) - LW g
Dt 0 dt

‘ et de = e O[T
N </D(t) u(zx,t) da:) /D(t) t(x,t) doe = |r(t) i /0 (r(t),0,t) do.

o\

Hence
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2011

S11.1: Let A be a 3 x 3 matrix with complex entries. Consider tehs et of A that satisfy tr(4) = 4,

tr(A2%) = 6, and tr(A43%) = 10. For each similarity (i.e., conjugacy) class of such matrices, give one member

in Jordan normal form. The following identity may be helpful: If by = a1 + a2 + ag, b = a% + a% + a% and
b = a‘;’ + a% + ag, then 6aiasas = b:f + 2bg — 3b1bo.
Proof:
Recall that the trace of a matrix is equal to the sum of its eigenvalues. Let A1, Ao, A3 denote the
eigenvalues of A. Further note that A? is an eigenvalue of A? for each i since, for the corresponding
eigenvector v; of A, we have A%v; = A(\jv;) = \;j(Av;) = APv;. Similarly, A\? gives the eigenvalues
of A3 fori=1,2,3. So,

4=tr(A) =M+ Ao+ A3, 6=tr(A%) = AT+ X3+ 22 10 =1tr(A%) = A3+ A3 + A3
Using the given identity, we also know
6A1dod3 =43 +2(10) —3(4)(6) =12 = Add3 =2
Let us suppose, without loss of generality, that Ay = 1. Then
4=14+X+X3=1+2/X3+X3 = XN -303+2=0 = (A\3-2)A3—-1)=0.

Again, without loss of generality, suppose A3 = 2. Then Ao = 2/2 = 1. Indeed, by plugging the
values A1 = A2 = 1 and A3 = 2 into the equations above, we see that this, in fact, the solution. So,
depending on the minimal polynomial of A, we could have a Jordan block for the eigenvalue 1 of
size 2 or two Jordan blocks of size 1. That is, we have two conjugacy classes, each consisting of

matrices similar to one of the following two Jordan matrices:

1 00 1 1 0
J = 010 or J= 01 0
0 0 2 0 0 2

S11.5: Let A be an n X n matrix with real entries, and let b be a n X 1 column vector with real entries.
Prove that there exists an n x lcolumn vector solution x to the equation Ax = b if and only if b is in the

orthogonal complement of the kernel of the transpose of A.
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Proof:
We begin with the following lemma:

Lemma: Let U be a subspace of an inner product space V. Then U = (U+)+.

proof:

Let w € U. Then (u,v) = 0 for each v € U L which implies u is orthogonal to every element of
U+ and, thus, v € (U+)*. Hence U C (UL)*. Conversely, suppose z € (U+)*. Since we have
V = U @ U, there exists unique z; € U and 23 € UL such that z = z; + 25. Since U C (U)*,
z1 € (UL)*. Then, by closure of vector addition in a vector space, it follows that z — z; € (U4)*.
This implies 2o = z — 23 = (U+) N (UY)*, which implies 2o = 0. Hence z = z; € U and so
(U+)*+ CU. Therefore, U = (U+)*. O

We must show that b € im(A) iff b € (ker A")L, i.e., show the equality of these vector spaces. Then

observe that
beker(A) < A'b =0

& (A, v) =0 YveR"

< (b,Av) =0 Vv eR"

& be (im(A)t,
where we have used the standard inner product for R" so that (A'b,v) = (Ab)lv = (b'A)v =
bt (Av) = (b, Av). So, we have shown ker(A?) = (im(A4))*. Now, using the above lemma, it follows

that
(ker(A")* = ((im(4))")" = im(4),

completing the proof. O
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S11.6: Let V and W be finite dimensional real inner product spaces, and let A : V — W be a linear
transformation. Let w € W. Show that the elements of v € V for which the norm ||Av — w|| is minimal

are exactly the solutions to the equations A*Ax = A*w.

Proof:
Follow the method shown in several previous problems to show that the minimizer of ||Av — w|| is

the projection @ of w into im(A) and that w — @ € (im(A))*. This implies

(w—w,Av) =0 YVveV e (A% (w—w),v) =0 YveV
S 0=A%w—-w)=A"w-— A"

S Aw* = A% = AT Ax

where z € im(A) such that Az = w. This completes the proof. O

S11.7: Prove that there is a real number z such that z° — 3z + 1 = 0.
Proof:
Define p : R — R by p(z) = 2° — 3z + 1. Since p is a polynomial it is continuous since sums
and products of continuous functions are continuous. Then observe that p(2) = 2° — 3(2) + 1 =
32—6+1=27>0and p(1) =1°-3(1)+1=1-3+1= —1 < 0. It follows from the Intermediate
Value Theorem that there exists z¢ € (1,2) such that p(z¢) = 0. O

S11.8: Give examples:
a) A function f(x) on [0, 1] which is not Riemann integrable, for which |f(z)| is Riemann integrable.

b) Continuous functions f, and f on [0, 1] such that f,(t) — f(¢) for all ¢ € [0, 1], but fol fn(t) dt does
not converge to f01 f(t) dt.

Solution:
a) Define
1 ifze@

=1 ifzel

flz) =

b) Define f,, to be the tent function of height n, width 2/n, centered at 1/n. Then ILm fa(z) =0

for each z € [0,1] and Jim fol fo(z) do = Jim 1=17# Ofol 0de = fol Jim fn(x) d.
t
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S11.9: Prove that if f : [a,b] — R is continuous and f(x) > 0, then f; f(z) = 0 implies that f = 0.

S11.11:

Proof:

Suppose that f # 0 and f(z) > 0. Then there exists xg € [a,b] such that f(zg) > 0. By the
continuity of f, there exists § > 0 such that if |xg — x| < 6, then |f(xo) — f(z)| < f(xo)/2. This
implies f(x) > f(zo)/2 whenever z € [z — 0,z + d]. Thus, breaking our integral into parts,

[rw= "0 [ [ s

0—9d z0+9
zo+0
> / f(z)
x

0—6

zo+9
>/$O_Z f(wo)/2
=26 f(wo)/2
= 0f(20)

> 0.

Thus, f # 0 implies ff f(z) # 0. The desired result follows through contraposition. O

Give an example of X C R? which is connected, but not path connected.
Proof:
Take A = {(x,y) € R? | (x,y) = (0,0) V (y = sin(1/z) Az > 0)}. The graph of a function is
connected and so A — {(0,0)} connected. Then since (0,0) is a limit point of A — {(0,0)}, A is
connected. By way of contradiction, suppose A is also pathwise connected. Then, by hypothesis,
there is a continuous function f : [0,1] — A such that f(0) = (0,0) and f(1) = (1/7,0). Pick any
d > 0 with § < 1/m. Using the Archimedean property of R, we can pick n € N so that

1

=<5
Tz =0

and note sin(1/z,) = sin((4n + 1)7/2) = 1. Then

0=z, <6 and [|f(0) = f(zn)| = V(20 — 0)2 + (sin(z,) — 0)2 = /a2 +12 > 1.

Hence no 0 > 0 exists such that ||f(0) — f(z)|| < 1/2 whenever = € [0,0), i.e., f is not continuous.

This contradiction implies that A is not pathwise connected. ]

129 Last Modified: 4/18/2017



Basic Qual Notes Heaton

S11.12: Given a metric space M, and a constant 0 < r < 1, a continuous function T': M — M is said to
be an r-contraction if it is a continuous map and d(7'(x),T(y)) < rd(x,y) for all z and y. A well-known
fixed piont theorem states that if M is complete and 1" is an r-contraction, then it must have a unique
fixed point (don’t prove this). This result is often used to prove the existence of solutions of differential

equations with initial conditions.

a) Illustrate this technique for the (trivial) case f’(¢t) = f(¢) and f(0) = 1 by letting M be the space of
continuous functions C([0,1]) for ¢ € (0,1) with the uniform distance d(f,g) = sup{|f(t) — g(t)| |
t € [0,c]}, and defining (T'f)(x) = 1+ [y f(t) dt. Carefully explain your steps.

b) What approximations do you obtain from the sequence T(0), T%(0), 73(0),...?

Proof:

a) Confer older problem.

ITf =Tglloo = on ft) —g(t) dt} < zllf = glloo < ellf — gl (138)

o0

b) First, T(0) =1, T?(0) =T(1) =1+ z, T3(0) = T?(1) = T(1 + ) = 1 + x + 2?/2. In general,

we see

n k
f(z) = lim T"(0) = lim Z % =e".
k=0 "

n—o0 n—oo

F11.1: Let (X,d) be a compact metric space and let f: X — X be a map satisfying

d(f(z),d(f(y)) <d(z,y), Vz,ye€ X with x #y.

Prove that there is a unique point € X so that f(z) = x.
Proof:
Let h = d(f(x),x). Then h : X — R is continuous since it is the composition of continuous

functions. Because X is compact, h achieves a minimum. Let z € X be such that h(z) is the
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minimal value of h. If f(z) # z, then

d(f(f(2)), f(2)) < d(f(2),2) = h(2).

But, this implies h(f(z)) < h(z), which contradicts our choice of z. Hence there must exists z € X
such that f(z) = z.

All that remains is to show uniqueness. So suppose f(x) = z and f(y) = y with 2 # y. Then
d(x,y) >0 and

d(x,y) = d(f(z), f(y)) < d(z,y),

which implies 0 < d(z,y) < d(x,y), a contradiction. Hence d(x,y) must be zero and so = = y.

Hence the fixed point must be unique. ]
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2012
W12.04: For a sequence {a,} of non-negative numbers, let s, := > }_, a; and suppose s, tends to a
number s € R in Cesaro sense:
lim Sit ot sn s. (139)
n—o00 n

Show that Y p2; a) exists and equals s.
Proof:
The sequence {s,}>2; is monotonically increasing (because each aj > 0 for each k). This implies

S1+ 0+ Sy
n

(140)

is monotonically increasing because this is simply the arithmetic average of the si. Consequently,
if s =0, then a; = 0 for each k and the result follows directly. Now suppose s > 0. And, by way of
contradiction, suppose the limit lim s, does not exist. Since the {s,,} is monotonically increasing,

n—oo

this implies we can find N € Z™ such that sy > 2s. For n > N we obtain

siddsn _ sidecdaNoy SNt

n n n
L SN s L)
n
- N+1
ZM'ZS.
n

But, taking the limit as n — oo, we see

—N+1 N +1
Szhmuzhmu.gsz%.hml_ +
n—00 n n—00 n n—o00 n

=2s-1=2s, (142)

which gives s = 2s, a contradiction. Thence the assumption was false and we conclude lim s,
n—oo

exists.

Set £ := 1i_>m sy and let € > 0 be given. We shall show ¢ = s. By the convergence of {s,}, there is

a Ni € Z7T such that
|50 — | <§ Vn> Ny (143)

And, by the Archimedean property of R we can pick Ny € ZT greater than Nj such that

|51 — L]+ -+ |sn, — £ -

S Vn> N, (144)
n 2

(n.b. the numerator on the left hand side is a constant). Using the triangle inequality, for n > No
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we discover

sit-tsa < |s1 — L]+ -+ |5, — £
n n
B e L et N 0 B el e
n n (145)
cE =N e
-2 n 2
<e.
Thence
s = lim Sit ot S ¢, (146)
n—o00 n
as desired. Consequently, lim s, = s, and we are done. O
n—oo
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W12.05: Prove there is a unique continuous function y : [0, 1] — R solving the equation

y(x) =e* + y(f) vV xel0,1]. (147)

Proof:

This problem is a direct application of the Banach Fixed Point theorem. Let X be the metric space
with set C0, 1] and the sup norm || - || for a metric. We claim X is complete (and verify this last).
Then define the mapping T : X — X for f € X by

T(f)(x)=¢e"+ y(f) vz e[0,1]. (148)

Let f,g € X and define ¢ : [0,1] — R by ¢(x) = 22. Note ¢(0) = 0, #(1) = 1 and ¢'(x) = 2z for
x € (0,1). Thus, ¢([0,1]) = [0, 1], from which we deduce

[f ool = sup [(feo)(z)| = sup [f(o(z))] = sup [f(z)| =Sl (149)

z€(0,1] z€[0,1] z€]0,1]

Then

i =1 = (e + 152 - (e + 252

1
_%H(foqﬁ)—(go@\l (150)
= I(F 9ol
=31 =gl

This shows T is Lipschitz with Lipschitz constant L = 1/2 (and so T is a contraction). Now let
fo € X be arbitrary and define the sequence {f,}5° by fnt1 = T(fn) for n > 0. This gives

[t = fall = | T(fn) = T(fn-D)|l = Ll fo = faall = - = L*[[fr = foll (151)
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Consequently, using the triangle inequality for n > m we have

| fro = foull < fo = il + - + | frnt1 — fnll
=L"|fr = foll +---+ L™ f1 — fol|

n—m
= |lfi=follL™- > LF
k=0

(152)
o
<|lfi = follL™- > L*
k=0
< i = foll f0||
- 1-L
But, taking the limit as m — oo on the right hand side,
Wf=Joll pm _ WA=Soll o 2= foll
_ =0. 153
L =L am =Ty 0=0 (153)

This shows the sequence { f,,} is Cauchy. Because X is complete, there is f € X such that f, — f.
Whence

f=Tm fo=lim forr = lim T(f,) =7 (lim f,) =7(f) (154)

where we are able to bring the limit into the argument of T" since the mapping is Lipschitz continuous

(as shown earlier). Thus, there exists a fixed point of T" so that

f@?)

S~ Vaze0l]. (155)

flx) =T(f)(z) =€ +
We further claim f is unique. Let g € X also be a fixed point of T". Then
1
1F =gl =1T(f) = Tl = SIS = gl (156)

which is only possible if || f — g|| = 0, implying f = ¢g. Hence the fixed point f is unique.

All that remains is to show X is complete. Let {f,} C X be a Cauchy sequence. Let € > 0 be
given. Then there is N; € Z™T such that

an_fm” <e Vn,m2>Ni. (157)

Let x € [0,1]. Then we claim the sequence { f,(z)} C R converges. By definition of the sup norm,

|fn(z) = fm(2)] < Z%pl} |fn(2) = fi(2)| = [l fn — fmll <€ Vn,m>Ni. (158)

So, {fn(z)} is Cauchy. Because R is complete, {f,(z)} converges. This implies we may define
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a function f to be the point-wise limit f(z) := lim f,(z). And, since the uniform convergence
n—oo
of continuous functions converges to a continuous function, we conclude f € C[0,1]. Thus, X is

complete. 0
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W12.10: Let A € M,,(C). State and prove under which conditions on A, the following identity holds:
det(e?) = exp(tr(A)). (159)
Here the matrix exponentiation is defined via the Taylor series
e =1+ A+ A2/2+ A%/31 4 ... . (160)

You can assume it is known that this sum converges (entry-wise) for all complex matrices A.

Proof:

We claim the identity holds for all A € M, (C), which we verify as follows. Let J be the Jordan
canonical form of A. Then there is invertible P such that A = PJP~!. We claim A* = PJj+FP~!
for each k € Z*. This is given for k = 1. Now pick any k € Z* and suppose the claim holds. Then

AR = AAkF = (PgP~ Y (PJFPTY) = PJ(PTIP)JF P = PJIJRF P = PRI PTL D (161)

and we have closed the induction. The principle of induction implies the claim. So, for any

polynomial f,(z) = ap+ a1z + - -+ + a,z™ of degree n, we have

Jn(A) = aol +a1A+ -+ a, A"
=aPP '+ PJP ' + . 4 a,PJ" P!

(162)
=P(agl +arJ+---+J") P!
=Pf.(J)P~L.
Thence
A n k ‘ n Jk .
o=l 3y = w3 P
> )
= lim P — | P~
e\l M (163)
"7k
=P ( lim J) p!
n—o0 k!
k=0
= Pe’ P!
where we have used the fact P is linear (and thus continuous) to move the limit inside the paren-
theses.
We now show the diagonal entries of e’ are e for i = 1,...,n where the )\; are the eigenvalues

of A. Indeed, the diagonal entries of J are Aq,..., \,. We claim (Jk)ZZ = (Jii)k, and show this by
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induction. The case for k = 1 is trivial. Suppose k € Z* and (J*); = (J;)*. Then
(T i = (JTF)a =Y T (T%); (164)
j=1

Since J is upper triangular, so also is J*. This implies Jij = 0 for i > j and (Jk)ji =0 for j > 4.

Thence there product is zero whenever i # j and so
(i = Jia(TM)i == Jia(Ja)* = (Jia)"™, (165)
as desired. For a polynomial f,, as above, this implies
(fa(J))ii = (aol + arJ + -+ -+ apJ™),;; = aolyi + a1 i + -+ + an(Jii)" = fu(Jii)- (166)

Thus,

()i = | lim i J—k = lim i J—k = lim i (J:i)" — ¢l = i (167)
w n—o00 — k! . n—oo k! . n—oo k! ’

Finally, using properties of determinants, we see

n

= det(e’) = H eti= ),

j=1

det(e?) = det(Pe’ P71) = det(P) det(e”) det(P~!) = det(P) det(e”) -

(168)
All that remains is to show tr(J) = tr(A). To show this, we verify commutativity of the trace. Let
M,N € M,(C). Then

tr(MN) => (M > O MiNji=> Y MjNji =Y > NjM= Z NM),; = tr(NM).
=1 =1 j=1 Jj=11i=1 j=11:=1
(169)
Thus,
tr(A) = tr(PJP™1) = tr((JP™Y)P) = tr(J), (170)
as desired. This completes the proof. ([l

138 Last Modified: 4/18/2017



Basic Qual Notes Heaton

S12.5: Prove that there is a unique continuous function y : [0, 1] — R solving the equation

y(x) =e* + y(f), vV xel0,1].

Proof:
First note C[0, 1] is complete, which follows from the fact that C(K) is complete for any compact
set K. Now define the operator T": C|0, 1] — C|0, 1] for each f € C|0, 1] by

(Tf)(@) = e+ 5

We note that e is continuous and f(2?)/2 is a composition of continuous functions since z? is

continuous. And, sums of continuous functions are continuous. So, (T'f) is, in fact, continuous.

Then
ITf —Tgllw =sup{|Tf(z) — Tg(z)| | = <€][0,1]} Definition of || [
= sup{|(f(2?) — g(=?)/2| | = €[0,1]} Definition of T
_ % csup{|f(22) — g(@?)| | = €[0,1]} Factor out 1/2
_ % csup{| £ (w) — g(w)| | ue 0,1} Factor out 1/2
=217~ gl

where we let u = 22 and note u < 1-z < 1and u > 0-2 = 0. Hence T is a contraction mapping
with Lipschitz constant L = 1/2. Then, by the Banach Fixed Point theorem, there exists a unique
y € C[0,1] such that y(z) = (Ty)(x) = e* + y(x?)/2. O
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S12.9: Prove that if f(x) is a continuous function on [a,b] and f(x) > 0, then fab f(z) = 0 implies that
f=0.
Proof:
Suppose f is continuous on [a,b] and f(z) > 0. We shall proceed to prove the claim by proving its
contrapositive. So, suppose f # 0. Then there is an z* € [a,b] at which f(z*) > 0. By continuity
of f, there exists 6 > 0 with § < min{|z* — al, |2* — b} such that, for = € [a,b], if |x — 2*| < ¢, then
|f(x*) — f(z)| < f(z*)/2. This implies f(x) > 0 whenever |z — 2*| < 6. Then, by linearity of the

integral,
b x*=d ¥ +0 b
[t@ae= [ g [ sader [ f)de
a a T*—0 z* 40
*+0 *+0
:0+/ f(z) dx+02/ f(z*)/2 dx
T*—9 T*—9

>0 f(x")

> 0.
Hence f; f(z) dz # 0. The desired claim then follows. O
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S12.10:
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F12.1: Let {b,}>2 be a sequence of real numbers with bounded partial sums, i.e., there is M < oo such
that for all N, |Zg:1 | < M, and let {a,}2°; be a sequence of positive numbers decreasing to 0. Prove

the series Y a,b, converges.
Proof:
For each N € N, define the N-th partial sum by

N
Sy = Z anbn,
n=1

and the sequence {B,,} by
N
By =) b
n=1

Let € > 0 be given. To prove convergence of the partial sums {Sy}, we must find an integer N*
such that whenever M, N > Ny, |Syr — Sy| < €. Then observe that we can rearrange the finite

sum Sy to write

N-1
Sn =anBy + Y Bulan — ani1), (171)
n=1
which implies for M > N that
M—1
|Syv — Sn| = |ap By — anBy + ZBn(an—anH) . (172)
n=N

Since the {a,} converge to 0, we can pick N; € N such that |a,, — 0] < £/4M whenever n > Nj.
Similarly, since {a, } is Cauchy, we can pick No € N such that |a; —ay| < €/2M whenever j, k > Nj.
Then define N* = max{Ny, No}. Using the triangle inequality and bound on By, this implies

M-1
1Sy — Sn| < lay By — an Byl + Y |Bullan — an il

n=N
" M—1
M
<an ‘BM - BN‘ + E M |an — ani1]
anN N
n=

(173)
<an (|Bu|+|Bn|) + M |an — ap—1]

<2Mayn + Mlan — apr—1|
<c/242)2
=¢

where we have used the fact that {a,} is decreasing to assert aps/ay < 1. Hence the sequence of

partial of partial sums {Sy} is Cauchy and converges in R. (|
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F12.5: A subset E of a metric space X is a Gs set if = N2 G,, where each G, is open in X. Prove that
Q) is not a G5 subset of R.
Proof:
By way of contradiction, suppose Q = N2, G, with each G, open in X. Note each G, is dense since
Q C Gy, and Q is dense. Since @ is countable, let {a,}>° ; enumerate Q. Then let D, = R—{ay}.
Then D, is dense open. By the Baire category theorem,

(M721G) V(0021 Dn) # 0, (174)
0 R0

which gives our contradiction. O

F12.9: Let A be an m x n real matrix with m > n. Let b € R™. Let M be the set of vectors z € R"™ which
minimize [|Az — b||. Show that M = z¢ + N where N is the kernel of A and z is an element of M.
Proof:
Let b denote the projection of b into the image of A, i.e., define

B: <b,61>61+"'+<b,6k>6k

where ey, ..., e, with k& < m denotes an orthonormal basis for im A, the vectors eq, ..., e, denotes
the standard orthonormal basis for R™, and we use the usual the scalar by product (v1,ve) = vlTvg
for v1,vy € R™. By definition, b € im A. And, (b—b) € (im A)~* since it is orthogonal to every
vector in im A. This follows because (b— b,e;) = (b,e;) — (b,e;) = 0 for each j = 1,...,k. Using

this, we can apply the Pythagorean Theorem to see that for any z € im A we have
lo—bl> <[o=b*+b—z2> =6 =)+ (b—2)*=[b—2> = [lb—b] <o~z

Thus, bis the closest point in im A to b. Moreover, because b €im A, there exists g € R" such that
Azy = b. Thus, xg € M. So, not only have we shown that M is nonempty, but also that for each
re M, Ar = b. If we also have yo € M, then Axg = b= Ayo and so 0 = Ayg — Azg = A(yo — x0),
which implies (yp — zo) € N. That is, z¢g + (yo — x0) € ¢ + N, which implies M C zy + N. Now,
pick any z € N. Then A(zg+2) = Azg+ Az = b+0=b and so (zg+2) € M. Hence M = 29+ N.

O
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2013

S13.4: Denote by h;,, the n-th harmonic number

1 1
hn=1+2+4-4—.
2 n

Prove that there is a limit
~v = lim (hy, — In(n)).

n—oo

Proof:
By Taylor Theorem, for = € [0, 1] there exists ¢ € (0,1) such that

d2 IZ?Z c

x 2
da2 [ o= 2

T 0 x €
= I = 1 - " .
(& e + [6 ] -0 l’+ +JT+ 9 X

This implies € > 1+ 2z = z =In(e*) > In(1 + z), which follows from the fact In(x) is increasing,
ie., In'(x) =1/ >0V z > 0. So, for each n € N, 1/n < 1 and so

—In(1+1/n)=In(n/(n+1))=In(1-1/(n+1)) < -1/(n+1).

Now, noting

Zlnk—lrl Zln1+1/k

we see ) )
1 1) « 1 1 1
hn—ln(n):<k—zk>—21n<l+ > - ZE ( k)
k=1 k=1 k=1
Now note {h,, — In(n)}>2, is increasing since 1/n — In(1 + 1/n) > 0 for each n € N. Moreover,

using the above,

hn —1In(n) <

:\H
?r\H

— 1 121
kz nzk2+k:<nkzkz'
=1 1 =1

Then, by the integral test, this series converges since

n n 1

dx 1
hmE §hm — =lim —~| = lim 1 - —=1.
n—oo 2 n—oo ,’E2 n—oo X 1 n—o0 n

And, 1/n — 0 as n — oo, which implies {h, — In(n)}2°, is also bounded above. Then, by the

Monotone Convergence Theorem, li_)m hy, —In(n) exists. O
n—oo
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S13.11: Define the Fibonacci sequence F;,, by Fy = 0, Fi,= 1, and recursively by F,, = F,,_1 + F},,_o for
n=223,4,...

a) Show that the limit as n — oo of F,,/F,,_ exists and find its value.

b) Prove that Fy,.1Fo,—1 — F3, =1 for all n > 1.

Proof:
a) NOT COMPLETE.

b) We proceed by induction. The base case for n = 1 holds since
Fyay1Foqy-1 — Foy = B3R — Fy =2-1 -1 = 1. (175)
For the inductive step, suppose the desired relation holds for case n. Then observe that

Fony2Fon — Fao 1 = (Fons1 + Fop) Fap — (Fap + Fap1)Fani1
= Fy, — Fopy1Fon_1 (176)
— 1.

Similarly,

(Fopt2Fon—1) — Font1Fon = (Fopt1 + Fop) Fon—1 — (Fan + Fon—1)Fop
= Fony1Fop1 — F3, (177)
=1.

Using the above, it follows that

Fani1)+1Fome1)-1 = Fania)
- F2n+3F2n+1 - F22n+2
= (Fonyo + Fony1)(Fon + Fop_1) — (Fong1 + Fop)?

) ) ) (178)
= [Font2Fon — Fapi1] + [Font1Fone1 — Fa,| 4 [Fong2Fon — Fiy1]
=1—-1+1
and the hypothesis follows from the principle of mathematical induction.
O
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F13.5: A function f: R — R is said to be convex if
flz+ (1 —ty) <tflx)+(1—t)fly) VYa,yeR% telo,1]. (179)
Assume f is continuously differentiable such that
(Vf(z) = V() - (e-y) 20 VayeR’ (180)

where V£ is the gradient of f and - is the inner product on R?. Prove that f is convex.

Proof:

Fix z,y € R? and define z : [0,1] — RY by 2(t) = tz + (1 — t)y. Then define g : [0,1] — R by
g(t) :== f(2(t)) and h : [0,1] — R by h(t) := tf(x) + (1 — t)f(y). To prove f is convex, we must
show (g — h)(t) <0 for ¢t € [0, 1]. First, by definition of g and h,

(g—h)(0)=f(y)— f(y) =0 and (g—h)(1)= f(z) - f(x) =0. (181)

We claim (g — h)’ is monotonically increasing. Then, by way of contradiction, suppose there is a
t* € (0,1) such that (¢ — h)(t*) > 0. The mean value theorem implies there is a & € (0,t*) such
that

M > 0. (182)

(9= (@) =0)=(g=nE) = (g=10O) = (9-M'(&) ="

Similarly, there is a & € (¢*, 1) such that

(g — h)(t")

. (183
o <0 (189

(g-h'(E0A-t)=(@g-hD)-(g-hE) = (9-h)(&)=-

But, & < & and ¢'(&1) > ¢'(&2), contradicting the fact (¢ — h)" is monotonically increasing. Hence
(g—h)(t) <0 for all t € [0,1].

All that remains is to verify (g — h)’ is monotonically increasing. Let ¢ € (0,1). Then

gt) =Vf(t) 2(t) = Vf((t) - (x—y) and () = f(z) - f(y). (184)

Pick t1,t2 € (0,1) with ¢; < to. Then

(9= h)'(t2) = (g = h)/(t1) = [V f(2(t2)) = Vf(2(t1))] - (z — y) (185)
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where we note h'(t) = h/(t1). But,
2(te) — 2(t1) = [tax + (1L —t2)y] — [hx + (1 —t1)y] = (2 — t1) (2 — ). (186)

Then, applying the hypothesis,

(t2—t1) - [(9 = 1) (t2) = (g — 1) (tr)] = (t2 = t1) [V f(2(t2)) = V(2(t1))] - (x — y)
[Vf(z(t2)) = Vf(2(t)] - (2(t2) = 2(t1)) (187)
0.

\Y]

Dividing by (t2—t1) and then adding (¢—h)'(¢1) to each side, we conclude (g—h)'(t2) > (g—h)'(t1)-

That is, (g — k)’ is monotonically increasing. This completes the proof. O

148 Last Modified: 4/18/2017



Basic Qual Notes Heaton

F13.01: When {a,} is a sequence of positive real numbers, a, > 0, define P, = [[j_,(1 + a;). Prove that

lim P, exists and is a non-zero real number if and only if > >° | a, < co.
n—oo

Proof:

First assume Y 7 | a; < 0o. Because the sequence is monotonically increasing (recall a; > 0), the
monotone convergence theorem implies the sequence of partial sums {3} ;_; a5 }>2 ; converges to a
limit positive a € R. Let > 0. Then Taylor’s theorem implies there is a &, € (0,z) such that for

the function f(x) = e*

eé-a:

f”(gm) 2

e’ = f(z) = f(0) + f(0)z + 5 ¥ =+ 2+ — 2% (188)
which implies
3
l+a=c' — a2’ <o (189)

Then

n n n
H 1+a; < H et = exp (Z ak> < e%. (190)
k=1 k=1 k=1
But, this implies the sequence of partial products is bounded above. Moreover, because 1+ ap > 1
for each k, the sequence {[];_; 1+ax}22, is increasing. The monotone convergence theorem there-
fore implies the sequence converges. Hence lim P, exists and is greater than unity.
n—o0
Conversely, suppose lim P, exists and equals, say, x € R and note x > 1 since 1+ a; > 1 for each
n—oo

k. Then

n n n

Hl—i—ak <z = In(z)>In (Hl—l—ak) :ZIH(l—l—ak). (191)

k=1 k=1 k=1
where we recall the logarithm function is positive and increasing for arguments greater than unity.
Since In(1 + ag) > 0 for each k, the sequence of partial sums is monotonically increasing and, by
(191), is bounded above. Thence the monotone convergence theorem implies this sum converges.
This also yields that this sequence of partial sums is Cauchy, from which it follows that In(1+ax) —
0 as k — oo. Hence a, — 0 as k — oo. Consequently,

In(1 In(1 ! 1
fig RO @) o WOF2) g e L (192)
k—00 ag z—0 z z—0 1 1+0

where we have made use of L’Hopital’s rule to evaluate the limit. From the direct comparison
lemma, we see the sequence of partial sums ) ,_; a; converges if and only if the sequence of partial
sums »_,_; In(1 + ay) converges. Because the latter sequence converges, we conclude the sequence

of partial sums Y, aj converges. This completes the proof. O
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2014

S14.1: a) Find a real matrix A whose minimal polynomial is equal to A% + 1.
b) Show that the usual real linear map determined by v — Av has no non-trivial invariant subspace.
Proof:

a) This problem can be solved simply using the companion matrix of t* 4 1, i.e., let

0 00 -1

100 O
A=

010 O

001 O

Then the characteristic polynomial is

A0 0 -1

L A0 0 141 3 4+1 3 4
X(A\) =det(N — A) = 01 = (=D)L B (D (- BB = At

00 1 A

Moreover, the characteristic polynomial factors over € as x(A) = (A—v/4)(A+v/1)(A—ivi) (A +
Z\ﬁ) and, thus, has distinct roots. So, the minimal polynomial is of at least degree 4, but the
minimal polynomial divides the characteristic polynomial, which is also of degree 4. Hence

these polynomials are equal and so the minimal polynomial of A is A\* 4 1.

b) Suppose v — Av has a non-trivial subspace. Then there is an eigenvector w of A, which then
has an associated eigenvalue. But, each of the eigenvalues of A are complex. Hence the linear
map v — Av has no non-trivial invariant subspace. Part b) is supposedly note true.

O

S14.2: Suppose that S,T € Hom(V, V) where V is a finite dimensional vector space over R. Let (im S) be
the image of S and (ker S) be the kernel of S. Show that

dim(im S) + dim(im 7') < dim(im (S o T)) + dim V.
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Proof:
Let us use im S(K) = {Sk | k € K} where K is a subspace of V. So, im (SoT) =im (S(im T)).
By the Fundamental Theorem of Linear Maps (FTOLM), it follows that

dim(im (S(ker 7)) + dim(ker S(ker 7)) = dim(ker 7).
and so dim(im (S(ker 7)) < dim(ker 7). This implies
dim(ker T') + dim(im (S(im 7)) > dim(im (S(ker T"))) + dim(im (S(im 7")))= dim(im S)

where we have again used the FTOLM to assert dim(im S(ker 7)) +dim(im S(im 7)) = dim(im 5).
Again using the FTOLM, dim V = dim(ker T') + dim(im T),
dim(im ) 4+ dim(im 7') < dim(im S(im 7)) + dim(ker T") + dim(im T")
= dim(im S(im 7)) + dim V'
=dim(im (SoT)) + dim V,

and we are done. O

S14.3: Suppose that A, B € M,,x,(C) satisfy AB — BA = A. Show that A is not invertible.
Proof:

By way of contradiction, suppose A is invertible. Then
I=A'"A=A"YAB-BA)=B-A"'BA = A'BA=B-1I

However, recalling that tr(C' D) = trDC for any C, D € M, x,(C), we see the above implies

n

tr(A"'BA) = tr(A""AB) = tx(B) = ) _ b

=1
while
tI‘(B—I) :Z(bii_l) = (Zb“ n
=1 =1
But, then
tr(B—1) = tr(A_lBA) & (Z bu> —-n= Z by <& n=0,
i=1 i=1

a contradiction. Hence A cannot be invertible. O
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S14.4: Suppose that A, B € M, x,(C). Show that the characteristic polynomials of AB and BA are equal.
Hint: One approach is to first show that it holds when B is invertible.
Proof:
First prove that the set of invertible matrices is dense in M, x,(C). Let A, B € Mpuxn(C). Then,
by the density of invertible matrices in M, «,(C), there exists a sequence of invertible matrices
{B,} that converges to B. And, since the characteristic polynomial x of a matrix is, in fact, a

polynomial, it is continuous. Hence

lim y(AB,) = x(lim AB,) = x(AB).

n—oo n—oo

However, for each B,, we have

det(AB,, — M) = det(B,B,, ") det(AB,, — \I)
= det(B,) det(AB,, — AI)det(B,,!)
= det(B,(AB,, — A\I)B; )
= det(B,AB, B, — A\B,IB; )
(

= det(B,A — AI).
Thus,
lim x(AB,) = lim x(B,A) = x(lim B, A) = x(BA).
Thus, x(AB) = x(BA) and we are done. O

S14.5: Suppose that V is a finite dimensional real inner product space with inner product (-,-), that
L € Hom(V, V) and that b € V is fixed. Suppose that u,v € V both minimize D(z) = ||L(z) — b||. Show
that w —v € ker L.
Proof:
First let b denote the projection of b into the subspace im(L) C V, ie., define b= (b,e1) + -+ +
(b, €m) €m Where €1, ..., €, denotes an orthonormal basis for im(L). Clearly, b € im(L) since, by
definition, it is expressed as a linear combination of the e;’s. Then (b — l;) € im(L)* since for any
j=1,...,m we have (b — b), e;) = (b, ej) — (b,e;) = 0, i.e., (b—b) is orthogonal to every vector in
im(L). It follows from the Pythagorean Theorem that, for each z € im(L),

1o =11 < [l —bl* + [Ib — =[1* = [I(b = b) + (b — 2)[*= | — 2|
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where the Pythagorean Theorem can be applied since b € im(L) and (b — b) € im(L)*. Taking
square roots, this implies [|b — b|| < ||b — z||. Hence b is the closest point in im(L) to b. Moreover,
because b € im(L), there is a zg € V such that b = L(zg). This shows that not only does D have

a minimizer xo, but that L(zo) = b.

So, suppose z,y € V both minimize D. Then L(z) = b = L(y) and so 0 = L(z) — L(y) = L(z — y),
which implies (z — y) € ker(L), completing the proof. O

S14.6: Show that if A € M,,»,(C) is normal, then A* = P(A) for some polynomial P(x) with complex
coefficients. Here A* is the conjugate transpose of A.
Proof:
Since A is normal, A and A* are simultaneously diagonalizable, i.e., there is a unitary matrix U so
that Dy = UAU* and Dy = UA*U* where D; and D; are diagonal matrices. Then, using Lagrange
interpolation, we can construct a polynomial of degree n — 1 so that P(\;) = \; fori = 1,...,n
where each )\; is an eigenvalue of A and ); is an eigenvalue of A*. Since D; and D are diagonal

matrices, it follows that

P(/\l) )\1
P(\) An

There are ag,ai,...,a,—1 such that P(t) = ag +art +--- + an_1t""1 and so

P(A) =apl + a1 A+ -+ a, A"}
= agUU* + aUDU* + -+ + a,_UD"1U*
=U (apl + 1Dy + -+ D" 1) U*
= UP(D)U*

where we have used the easily verified relation that A™ = UD}U*. This implies P(A) = UP(D;)U*
UDyU* = A*, as desired. O

S14.7: Find a doubly infinite sequence {anm | n,m € Z} such that for all m, > a,m = 0 and for all n,
> m @nm = 0, with all these series converge absolutely, but such that > > |anm| = co.
Proof:
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Define the sequence a,, , by

1 In| 1 |m|
sgn(m~n)<1—> (1—) if m-n#0,
Anm = |m| |TL|

0 otherwise.

Note if m € {—1,0,1}, then the summation ) ay m is identically zero. Otherwise, for fixed m, let

r = (1— 1/m|) so that
S (1) (1)
_ i

7,71

00
§ an,m
n=1

<

1—r
B 1 . 1
~1=1/jm[ 1-(1—1/|m])

where we note (1 —1/|n|) < 1 and so (1 — 1/|n])™ < 1. So, this sequence is bounded above.
Moreover, the partial sums are monotonic since the sign of ay, ,, is constant when m is fixed and

the sign of n does not change. Thus, by the monotone convergence theorem, the sum » 7 | anm

converges to some limit S,,. Since anm = —a—pm, ;io_l an,m converges to —S,,. Moreover,
oo oo lanm| = 25y, and so the convergence is absolute. Thus, we may rearrange the order of
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terms in the series without changing the overall limit to see

Due

0o ) —00
§ an.m = g ap,m + g an,m
n=1

n=-—oo n=-—1
0 00
= g Qn.m — E G—n.m
n=1 n=1
0
= g Apm + G—nm
n=1

)

= E Gnm — Gnm
n=1

=0.

to the symmetry in the definition of ay, m,, we see also that ) a,m,m = 0 for fixed n. Lastly,

observe that show that sum exceets some value proportional to m, and so double sum diverges...

0

S14.12: Assume [0, 1] = U2, I,, where I,, = [ay, by] # 0 and I, N I,, =  whenever n # m.

a) Let F

closed.

={a, |n>1}U{b, | n > 1} be the set of endpoints of the intervals above. Prove E is

b) Prove no such family of intervals {I,,} can exist.

Proof:

a)

We show FE is closed by showing its complement E° is open. By the Baire Category Theorem,
if a non-empty complete metric space is the countable union of closed sets, then one of these
closed sets has nonempty interior. Since [0, 1] is complete and nonempty, it follows that there
exists I; with nonempty interior, i.e., b; > a; so that (aj;,b;) # 0. So, E¢ = U2, (ayn, by) # 0.
Let z € E°. Then there is k € N such that = € (ax, by). Because (ag, by) is open, there exists
r > 0 such that (z,,x + 1) C (ak,bg). Hence z € int(E°) and so E¢ C int(E°). But, by

definition of interior, int(E¢) C E°. Hence int(E€) = E€ and so E° is open, which implies E
is closed.

Suppose x € E. Then there exists I such that x € I, specifically, either x = ax or x = by.
Then for each » > 0, B(x,r) contains points not in I since € bd(Ix). So, x is a limit
point of some I; with j # k. But, because I; is closed, x € I;. This contradicts the fact
that I; N I, = (. Hence E must be empty, i.e., E = (. But, then I,, = () for each n € N, a

contradiction. Thus, there does not exists such a family of {I,,}.
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F14.2: Let A, B be two closed subsets of R™ such that AU B and A N B are connected. Prove that A is
connected.
Proof:
By way of contradiction, suppose A is not connected. Then there are nonempty open subsets
51,52 C R™ with A C S; U S5 and S1 NSy = 0. Then

ANBC(S1US2)NB=(S1NB)U(S2N B).

By way of contradiction, suppose without loss of generality that So M B = (). Then A — B = S

and so
AUB=(A-B)UB=5UB (193)

where So and B are disjoint. But, this contradicts the fact A U B is connected. Hence S; N B and
S2 N B are nonempty. But, S1 N B C S; and So N B C Sy and so (S1 N B) N (S2 N B) = (. This
implies A N B is not connected, a contradiction. Thus, the assumption that A is not connected

must be false and so we conclude A is connected. OJ
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F14.3: Let f, : [0,1] — R be monotonically increasing continuous functions. Assume that f,, converges

pointwise to a continuous function f : [0,1] — R. Prove that f, — f uniformly.

Proof:
Let € > 0 be given. We must show there is an N € Z™ such that

Ifn— fllo <& ¥n>N. (194)

Since [0, 1] is closed and bounded, Heine-Borel’s theorem implies it is compact. This, combined
with the fact f is continuous, yields that f is uniformly continuous. Hence there is a § > 0 such
that for z,y € [0,1],

lr—yl<d = |fx)-fl)l <e/2. (195)
Now cover [0, 1] with the collection of open balls B(z, ) for x € [0, 1]. Since [0, 1] is compact, there
is a finite subcover, i.e., there are x1,...,x, € [0,1] such that
P
0,1] | B(xs, 9). (196)
i=1

By the pointwise convergence of f,, — f, for each i € {1,...,p} there is an NN; such that
Falw) ~ f@) <5 V=N (197)

Set N := max{Ny,...,N,}. We claim this choice of N satisfies (194), which we verify as follows.

Let x € [0, 1]. Then there is an index ¢ such that x € [z;,x;41]. Since f, is monotonic,

fn(xl) § fn(x) S fn(wiJrl)' (198)

Then apply (197) to write
5
< fal®) < flzitr) + 5. (199)

And, by choice of the cover in (196), |z; — z| < ¢ and |z;4+1 — x| < §. By the continuity of f in
(195), this implies

€] € el €
_Z|l S <« < hd =
@) -] -5 < h@ < [f@)+ ]+, (200)
from which it follows
f(@) = fa(z)| <e. (201)
Since this argument holds for arbitrary = € [0,1], it holds for all such = and we conclude (194)
holds. This completes the proof. O
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F14.4: Let f,, : [-2,2] — [0, 1] be a sequence of convex functions. Show that there is a subsequence which

converges uniformly on [—1,1].

Proof:
We claim the restriction {g,} of the sequence {f,} to [—1,1] is equicontinuous and uniformly
bounded. By definition, since f,, maps to [0,1], || fnllec < 1 for all n € ZT. Let € > 0 be given.

Then {g,} is an equicontinuous family of function provided, given € > 0, there is a § > 0 such that

lz—yl<é = lgn(z) —gn(y)| <e Va,ye[-1,1], n€ Z". (202)

We first use a diagonalization argument to show there is a subsequence { f,, } that converges point-

wise on the rationals in [—1,1].

Let € > 0 be given. We must show there is an N € Z™ such that

|fop () — f(x)]<e Vn>N, ze[-1,1]. (203)
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F14.5: Consider the following sequence:
a; = V2 and n+1 =V2+a, Vn>1.

Prove that this sequence converges and find its limit.

Proof:
We claim that {a,}5° ; is monotonically increasing and bounded above. Indeed, a; = V2 < 2 and,
if a, < 2, then

any1=vV2+a, <V2+2=2,
which closes in the induction. To see that {ay}5°; is increasing, observe that
a2 —a, = apla, — 1) < 2(a, — 1) <2(2-1) =2.

Thus, a?l < 24ay, and s0 ap, < /2 + ap = apy1. It follows from the Monotone Convergence Theorem
that {a,} converges to some limit L. Then, since the function f(x) =+/2 + x is continuous,

lim f(an) = f(L)=v2+ L.

n—o0

But,

lim f(a,) = lim a1 = lim a, = L.

n—o0 n—oo n— o0
This implies L = +/2 + L and so 2 + L = L? which implies (L — 2)(L + 1) = 0. Since a,, > v/2 for
each n € N, it follows that the limit is L = 2. O
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F14.6: Let f :[0,1] — R be a C! function. Prove that

n—1

lim E
n—oo
k

i f<k:1> ‘f@' :/01|f/(t)| dt. (204)

Solution:
Define g(t) := |f'(t)| and observe g is continuous since it is the composition of continuous functions.

By definition, g is said to be Riemann integrable on [0, 1] provided

L(g,P) = inf P
sup (9, P) = inf U(g, P) (205)

where IT is the set of all partitions of [0, 1] and, for a partition P = {Iy,..., I3} € II,

k k
L(g,P) := <inf g> I;] and U(g,P):= <Supg> ;. 206
0.p) =3 (jnfa) 1 0.7) =3 (swp) 1 (206)
When (205) holds, we write the integral of g as
1
/ g(t) dt := sup L(g, P) = inf U(g, P). (207)
0 Pell pell

We first show (205) holds for our choice of g. It suffices to find a sequence of partitions P,, such
that

lim U(g, P,,) = sup L(g, P). (208)
n—00 PeTl

Let ¢ > 0 be given. Since g is continuous on [0, 1], which is closed and bounded and therefore

compact, ¢ is uniformly continuous. So, there is a § > 0 such that for all z,y € [0, 1],
lz—yl<d = Jg(z)—gy)| <e (209)

By the Archimedean property of R, there is a N € Z* such that 1/N < 6. For n € Z™" set
P, ={ly,...,I,—1} € Il where I, = [i/n,i+ 1/n]. Then for all n > N we discover

n

1 n—1
Ulg, Pa) =Y (Sup g) i <> (xiélszﬁg) 2|

k=0 \T€Ik k=0
n—1 n—1

=> <£§fk g) Tel + &> || (210)
k=0 k=0

= L(g, Pn) +e€

< sup L(g, P) +¢
Pell
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where the first inequality follows from (209). And, by definition of U, U(g, P,,) > suppcr L(g, P)

for every n € Z*. Hence
U(g,P,) —sup L(g,P)| <e Vn>N, (211)

and so we obtain the limit in (208). A corresponding limit holds for L(g, P,), which is found by

similar argument.

For k € 7Z, the mean value theorem implies there exists & € (k/n, (k+ 1)/n) such that

() - (B)]= e (B - ) =t (212)

()~ G)l-

We obtain a corresponding inequality with L(g, P,). Hence applying (208) and the corresponding

<k+1> f (i)' < /Olg(t) dt, (214)

So,

n—1 n—1

> o) 5 = 2ol < X (o) Il =UG P 219

k=0 k=0 €Lk

Z

k=

limit for L(g, P,), we see

s

from which we conclude

n—1

Jim

k=0

f<kzl>—f<i>‘=/olg(t) dt, (215)

as desired.
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F14.7: Among all the solutions to the system

1 1 1 1 2
2 35 7 |xz= 71, (216)
-2 -1 1 3 -1
find the solution with minimal length.
Solution:
Observe this linear system is equivalent to
1 1 1 1 1 1 1 12
2 35 7 7|~]1013 5|5 (217)
-2 -1 1 3|-1 00 000

where we note the third equation of the given linear system is equal to the second equation minus

the four times the first equation. Define

11 11 2
A= and b:= (218)
01 3 5 5

and observe A has full rank. We seek to solve
min ||z|| such that Az =b. (219)

Since || - || is convex, we can equivalently minimize ||z||?/2 such that Az = b, which we do by

applying Lagrange multipliers. The Lagrangian for this problem is given by

2Tz T

Llw,N) = 5=+ AT (A —b) = % + (ATA) 2 — AT, (220)

We seek to minimize £ over z and A. Due to convexity, it suffices to find a critical point of £. At
such a point (Z, \),
0=V,.L(ZN=2+ATN = z=-AT) (221)

and
0=VrLEZ N =AF —b=A(-ATN) -b = X=—(4AT)"1 (222)

where the inverse of AAT is well-defined since A has full rank. Hence, by back substituting, we

conclude the solution is given by

z=AT(AAT)1p, (223)

which can be computed explicitly using the definitions of A and b above. O
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F14.8: Compute the eigenvalues of the following n x n matrix:

k1 1 1
1 k1 1
M=]|11 k 1
1 11 k

Use the eigenvalues to compute det(M).
Proof:
Note that M = (k — 1)I + 1 where I denotes the identity matrix and 1 is the matrix of all ones.

Of course, (k — 1) is an eigenvalue of I since I is the identity. Also, for each v observe that

This gives two possibilities for eigenvectors. Either > " ;v; = 0 or >.;' ;v; # 0 and v; = ¢ for
i=1,...,n. If it is the latter, then

1

Mv=((k—1)I+1)v=(k—lDv+nv=(n+k—1v

and so (n+ k — 1) is an eigenvalue of M. Note well the dimension of this eigenspace is 1 since it

occurs precisely for scalars of the vectors of all ones. In the other case, if ;" ; v; = 0, then
Mv=((k—1)I+1)v=(k—1)v+0v=(k—1)v,

which implies k — 1 is an eigenvalue of M. Since this is the only other eigenvalue of 1, it must
follow that it has dimension n — 1. Since det(M) is the product of the eigenvalues of M, we find
det(M) = (n+k —1)(k — 1)L, O
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F14.10: What is the largest number of 1’s an invertible 0-1 matrix of size n x n can have? You must show

both that this number is possible and that no larger number is possible.

Proof:
The largest number of 1’s an invertible 0-1 matrix of size n x n can have is n?> — n. Define the

vector v; to have a 0 in the i-th position and zeros elsewhere so that v; contains (n — 1) ones.

Then we claim the matrix [v; ve -+ wv,] is invertible. To verify this, it suffices to show the v; are
independent. Suppose there are scalars a1, ...,a, € R with a; # 0 such that
n 1 n
O:Zam = uj:—a—j-‘z ai; (224)
=1 i=1,i7]
By way of contradiction, suppose there is a 0-1 matrix with more than n? —n ones. U
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F14.11: Suppose a 4 x 4 integer matrix has four distinct real eigenvalues A\; > Ay > A3 > A4. Prove that
M+ X+ M+ M\ ez

Proof:
Since 7Z is a ring closed under multiplication and addition, it follows that M? has elements in Z.
Let v; denote the eigenvector corresponding to A; for i = 1,2, 3,4. Then v; is an eigenvector of M?

since

M2v; = M(Muv;) = M(N\v;) = A Vi=1,2,3,4.

Since the trace of a matrix is defined to be the sum of its diagonal elements, it follows that

tr(M?) € Z. However, the trace of a matrix is also the sum of its eigenvalues. Hence
M4+ =M ez,

and we are done. O
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F14.12: Let A = (aij)1<i,j<n Where a;; = 1/(i 4+ j — 1). Prove that A is positive definite.

Proof:
We must show (Az,z) > 0 for all x € V where we assume V = C". Defining v = (1,¢,...,t" 1),

1 1
T —2
/0 (U U)’LJ dt = /0 tl+] dt = ﬁ = Q5.

This implies, for x € C",

we discover

(Az,z) = (Az)*z
=a"A*x

=a*Ax
1
=¥ (/ vTvdt>:U
0
1
= / v vz dt
0
1
= / (vz)*vz dt
0

1
:/ loz||? dt.
0

The first equality holds by definition of the scalar product in C", the second by definition of the
conjugate transpose, and the next by the fact A is hermitian. The following equality holds by
substitution for each entry in A. Then, using linearity we bring x* and z inside the integral. Then
we use the definition of the norm to substitute and obtain the final equality. And, since ||vz||*> >0
for all x € C™, it follows that fol |lvz||? dt > 0. Thus,(Az,z) > 0, as desired. O
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2015
S15.1: Let f:]0,00) — [0,00) be continuous with f(0) = 0. Show that if

ft) <1+ 11—0f(t)2 Y t € 0,00),

then f is uniformly bounded throughout [0, o).
Proof:
By way of contradiction, suppose f is not uniformly bounded. Then there exists b > 0 such that
f(b) > 6. Then, noting that f(0) = 0, it follows from the Intermediate Value Theorem that there
exists « € [0,b] such that f(x) =5 since 5 € (f(0), f(b)). However, this implies

1 1
= <14+ — 214 —.25=3.
5= f(x) < +10f(x) +10 5= 3.5,

which is a contradiction. Hence f is uniformly bounded. D

S15.4: Let f[0,1] — R be a function satisfying the intermediate value property, namely, whenever 0 < a <
b <1 and y lies between f(a) and f(b), there exists x € (a,b) such that f(z) = y. Assume that for any
y € R, the pre-image f~!({y}) is closed. Prove that f is continuous.

Proof:

Let € > 0 be given. Pick zp € [0,1]. Pick ap = 0. Since (f(xo) + f(a1))/2 is contained between

f(zo) and f(aq), there exists ay between xo and aj such that f(as) = (f(zo) + f(a1))/2. Then

a0) -~ fan) = [ 105

Continuing to choose a, in this fashion, through induction it follows that

[ (zo) = flan)| = 27" [f(20) — f(a1)]-

Note a,, < ¢ for each n € N. We can define a similar sequence {b,} with the single change being
that by = 1. Then zy € [ay, by] for each n € N.
We claim f is monotonic. By way of contradiction, suppose otherwise. Then there exists a,b, c €
[0, 1] such that ¢ is between a and b, but f(c) is not between f(a) and f(b).
Without loss of generality, suppose b > a. Then pick y between f(a) and f(b). Then there exists
¢ € (a,b) such that f(c) =y.

O
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S15.5: Let f:[1,00) — [0,00) be bounded and monotonically decreasing with le f(z) = 0. Show that

N+1 N
/1 f(@) de =S f(n)

converges to a finite limit as N — oo.
Proof:
We first show that the given sequence is bounded. Denote the N-th term of our sequence by ay,

ie., . N
aN:/1 f(zx) dx—;f(n)

Indeed, using the definition of Riemann integrable,

N N N
ay =infU(f,P) =) f(n)< ) f(n)=) f(n)=0
n=1 n=1 n=1

where U(f, P) denotes the upper Riemann sum using partition P of the interval [1, N + 1] and we
have used the fact that f is monotonically decreasing to assert Zgzl f(n) is an upper Riemann

sum. Similarly, Zﬁ[zl f(n+1) is a lower Riemann sum for this integral and so

N N N
an :s%pL(f,P) —Zf(n)Z Zf(n+1) _Zf(n) =f(N+1)— f(1)= —f(1).
n=1 n=1 n=1

Thus, ay € [—f(1),0] for each N € N. Now we claim {ax}3_; is monotonically decreasing. To

see this, observe that, by the linearity of the integral,

v =( [ " ) e - ) + ( [ e ane éf(n))

N-+1
- / f(@) dz — F(N) + ay
N
<apn

where we use the fact that

N+1 N+1
/ f(z) dz < / F(N) dz = F(N).

N N
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Hence {an}%_; is a bounded monotonically decreasing sequence. By the Monotone Convergence

Theorem, {an}3_, must converge to some limit in [—f(1), 0], and we are done.
Below we present an alternative solution.

Define Sy to be the N-th term of our sequence and note

N+1 N N n+1
sv= [ f@%m—ggﬂm—ggél f(@) dz — f(n).

Since f,, is monotonically decreasing and maps to nonnegative numbers,

n+1 n+1
(/ f@%h—fm)=ﬂm—/i f(z) dz < f(n) - f(n+1)

which implies for M > N we have

ISy — S|

M n+1

3 / f(x) dz — f(n)

n=N+1""
M

2.

n=N-+1

M
< 3 fm)- fn+1)

n=N-+1
= f(M) = f(N+1).

IN

n+1
/' f(x) dz — f(n)

But, lim f(n) = 0, which implies f(n) is Cauchy, i.e., given € > 0, there exist K € N such that

n—0o0

for all M, N > K we have |f(M) — f(N)| <e. Thus, for M,N > K
[Sv = Sn| < [F(M) = f(N+1)| <,

and so {Sy} is Cauchy. Since R is complete, Sy converges to a finite limit and we are done. [
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S15.6: Prove that the integral equation

admits a unique continuous solution f : [0,1] — R.

Proof:

We proceed by applying the Banach Fixed Point theorem. To do this, we verify C[0, 1] is complete
and define a contraction T': C[0,1] — C|0,1]. First let {f,} be a Cauchy sequence in C[0, 1]. For
each z € [0,1], {fn(x)} is a Cauchy sequence in R and since R is complete its limit is in R. Hence
the pointwise limit lim f,(x) exists. To see that f, — f in norm, note that because {f,} is
Cauchy, there is N Gn ?\Toosuch that

| fn— fimlloo <€/3<e ¥ m,n>N. (225)
But, since norms are continuous, we have the limit lim ||f, — fi| = [|f» — f]| and so
m—r0o0
Ifn=fll <e/3<e ¥Vn=N, (226)

as desired. We now must show that f is continuous. Since fy is continuous on a compact set, it is

uniformly continuous. Thus, there is a 6 > 0 such that for z,y € [0, 1],

lz—yl < = [fn(e) - fnly)l <e/3. (227)

Using N as above, this implies that, whenever |z — y| < 4,

[f(@) = fW)| < |f(2) = In(@) + [In() = InW)+ [Inw) —fW)l < s+ 5 +5 =6 (228)

Thus, f € C[0,1] and so C|0, 1] is complete.

(continued on next page)
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Now define the operator T : C[0, 1] — C[0,1] for each f € C[0,1] by

1
T = + 5 /0 cos(s)f(s) ds,

and T'(f) is continuous since it is the composition of several continuous functions. For f, g € C[0,1],

observe that

1 1
s =Tl = |5 [ eostols) = ats)] 05|
< 5| [ ool 17 =l as

1
= 2 1f ~ gl

o0

Hence T is a contraction with Lipschitz constant 1/2. Since T' is a contraction and C10,1] is

complete, the Banach Fixed Point theorem implies for any fo € C[0,1] (e.g., f = 0), the sequence

defined by fn+1 = T'(fn) for n > 1 converges to a unique fixed point f of 7', i.e., lim f, = f and
n—oo

T(f) = f. This means there is a unique f € C[0, 1] such that

1
£ =T = + 5 /0 cos(s)f(s) ds,

and we are done.
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S15.7: Let f(x,y,2) = 922 + 6y + 622 + 120y — 102z — 2yz. Does there exists a point (x,v, z) such that
flz,y,2) <07

Solution:
No, there does not exist such a point. By way of contradiction, suppose there does. Since f is

continuous O
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M = 305 .
1 -1

b) Does there exists a real 2 x 2 matrix A such that M = exp(A)?

S15.12: Let

a) Compute exp(M).

Solution:

a) First we diagonalize M. NOT COMPLETE.

b) We begin with the following lemma:
Lemma: Let A € Mat,,x,(R). 1 is not an eigenvalue of A iff I — A is invertible.
We first show I — A is invertible iff 1 is not an eigenvalue of A. We argue by proving the
contrapositive of each implication in this claim. First suppose 1 is an eigenvalue of A. Then
there is nonzero v € C" such that (I — A)v = 0, implying that I — A is not one-to-one and,
thus, not invertible. Hence if A is invertible, then 1 is not an eigenvalue of A. Now suppose
A is singular. Then det(I — A) = 0, which implies 1 is an eigenvalue of A. Hence if 1 is not

an eigenvalue of A, then I — A is invertible. |

Now define @) = I — M. Then the sought matrix A exists iff In(M) = In(I — Q) exists. By the

above lemma, I — @) is invertible precisely when 1 is not an eigenvalue of Q.

Show eigenvalues are 3 and -3.
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F15.1 Let {a,}5° be a sequence of positive numbers such that anim < an + am, m,n > 1.

a a
Prove that lim a,/n exists by showing lim — = inf,>; —.
n—00 n—oo 1, - n
Proof:
Let £ := inf,,>1 % and € > 0 be given. We must show there is a N € Z* such that
a
‘—n — E‘ < e whenever n > N. (229)
n

Since / is the greatest lower bound of a,/n, there exists a K € Z* such that

‘f(KK)—E‘ <%. (230)

Then by the Archimedean property of R, there is a L € Z* such that

1 MKe
T< 5 where M = 12&;}%{@}. (231)
This implies
a, €
— <r<K.
KL<2 for1<r<K (232)

We claim (229) holds if N := K L. To see this, let n > N. By Euclid’s division lemma, there are
nonnegative ¢,r € Z such that n = Kq + r with r < K. And, by choice of N, we know ¢ > L.
Using subaddtivity, we see

§7+l: + . (233)
n

And, from (232), we have

Qp Qp Qr

£
< < < —
gK +r ~ gK S LK =2 (234)
Applying the lemma below, we know
QqK QqK qa g aK 5
< < = —— </+-.
gK +r = gK = ¢K K — +2 (235)
Combining (233)-(235), we see
a—n§€+§+§:£+z—: whenever n > N, (236)
n 2 2
which implies (229) holds. This completes the proof. O

(Lemma on next page.)
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Lemma: If {an}o2 | is subadditive, then am, < may, for all m,n > 1.

Proof:
We verify this by induction on n. The base case holds trivially. Suppose now this claim holds for

some n € ZT. Then observe that
Am(n+1) < Gmn + G < Ny + G = (Tl + 1)am7 (237)

and we have closed the induction. The claim follows by the principle of mathematical induction.
O
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F15.2: Let a,b € R obey a < b. Show that if g, h : [a,b] — R are continuous with A > 0, then there is
¢ € [a,b] such that

/a ’ g(2)h(z) dz = g(c) / b h(z) dz.

Proof:
Since g is defined on the closed interval [a, b], it follows from the Extreme Value Theorem that g
takes on a maximum and minimum value on the interval. Let M and m denote this maximum and

minimum, respectively. Then, using the linearity of the integral

m/abh(a:) da::/abm-h(x) dmg/abg(x)h(az) dmg/abM-h(x) dx:M/abh(x) da.

If h=0,then0=m-0< f:g(x)h(x) dz < M -0 = 0, which implies the desired relation holds for
each ¢ € [a,b]. So, suppose this is not the case. Then there exists z* € [a, b] such that h(z*) > 0.
Because h is continuous, there exists ¢ > 0 such that |h(x)—h(z*)| < h(z*)/2 whenever |z —x*| < 6,
which implies h(z) > h(z*)/2 whenever |x — z*| < §. Hence

b * 45 z*4+0 * *
/ h(z) da 2/ h(z) da z/ h(g )z =25 M%) _ 5paty > 0.
a *—4 T*—0

Thus, our above relation can be rewritten as

< f;g(x)h(w) dz

< 5 <M
[ h(zx) dz

By the Intermediate Value Theorem, it follows that there exists ¢ € [a, b] such that

which implies

and we are done. O
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F15.3: Let {f,} be a sequence of continuous functions f,, : [-1,1] — [0, 1] such that for each = € [—1,1],

1) the sequence of numbers { f,,(x)}2

o 1 is non-increasing, and

2) lim f,(x)=0.

n—o0

Define

n

gu(@) = 3 (1) fu ).

m=1
Prove that g,(x) converges to some g(z) € R for each x € [—1,1] and that the function g[—1,1] — R thus
defined is continuous on [—1,1].
Proof:
Let = € [-1,1]. We first show that nlg]g@ gn(z) exists. Since R is complete, it suffices to show that
the sequence {g,(x)} is Cauchy. Let £ > 0 be given and define Ay := 0 and
m
A,y = Z(—l)m Vom > 1, (238)
j=1

noting this implies |A;,| <1 for all m > 0. Then, for n,p € Z" with n > p, we have

n

(@) = gp(@)| = | D (=) fula)

m=p-+1

n

= Z (Am *Amfl)fm(x)

m=p+1

n n—1

m=p+1

n—1
= Z Ap [fm(®) = frnt1(2)] + An fo() — Apfp—l-l(x) (239)

m=p+1

n—1
Y Anlfm(@) = fun1@)]] + [ Anfal@)] + | Apfra ()]

m=p+1

IN

n—1
<| Y. @) = fann(@)| + | fa(@)] + | fpr (@)

m=p+1
= fpr1(@) = fu(@)| + [fu(@)] + [fp1 ()]
< 4 fpra(z)].

Since {f,} converges to 0, there is N € Z™ such that |f, — 0| < £/4 for all n > N. Consequently,
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for n,p > N with n > p we have

|9n(2) = gp(@)| < 4 fpa] <e. (240)

Thus, {gn(x)} is Cauchy. Since z was arbitrarily chosen in [—1, 1], we may, thus, define a function
g(z) ;= lim g,(z) for each z. This shows pointwise convergence of the sequence of functions {g, }
n—o0

to the limit g.

MUST FINISH AND SHOW CONVERGENCE IS UNIFORM SO WE GET THAT g IS CON-
TINUOUS. 0
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F15.4 Let f, : [0,00) — R be functions defined recursively by fi(z) := 0 and

frg1(z) :=e2® +/ fo®e 2 dt, n>1. (241)
0
Show that f(z) := ILm fn(z) exists for all x > 0 and identify f explicitly.

Proof:
We first show f exists. Define a mapping T : C|[0,00) — C[0, 00) by

T(f) :=e 2 + /O ’ f(t)e 2 dt. (242)

Since C]0,00) is complete, if we can show that T is a contraction, then the Banach Fixed Point

theorem states T" has a fixed point and that for any f; € C[0, 00), the sequence defined by
for1=T(fn) ¥Yn>1 (243)

will converge to a fixed point of T, implying the limit lim f, exists. For f, g € C[0, 00) we discover
n—oo

I7(f) — T(9)lloo = \

[ o - gne dtH
v . oo—2td
sH/O 1f = gllce th
=gl —oo| [ e a (244)
I =gl oo] [ t]
_ o — o —2td
<1If =gl oo]/o c t\

1
= S1f — gl

Hence T is a contraction. Because the sequence defined in (243) is precisely the sequence defined

in the problem statement, we see f(z) := li_>m fn(x) exists for all z > 0.

We now identify f explicitly. Since f = T'(f), we differentiate to find

ﬂ _ 9,2z —2r __ _ —2x _ 2z

= 27 + f(x)e” " = (f(x) — 2)e = ——=e “du (245)

Integrating gives

f(m)i_ we—2x T _ x) — _M—ex —} 6721—
/f(o) f—2_/o o= o= N p( 2 | 1]> 210
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where we know f(0) = T(£(0)) = e 2% + 0 = 1. Hence

f(z) =2 —exp <—; C 1}) (247)
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F15.6: Let X := R\{0}. Find a metric p on X with the following properties:
i) (X,p) is a complete metric space, and

i) if {z,}72; C X and z € X, then

lim |z, —z|=0 < =z, —zin (X, p).

n—oo

Prove both properties, as well as all of your other assertions, in full detail.

Proof:

Define p to be the discrete metric, i.e.,

1 ifx #y,
0 ifx=y.

p(r,y) =

This metric satisfies the properties of a metric. Indeed, p equal to zero precisely when = = y
and is positive otherwise. Further, p is symmetric. All that remains is to verify that the triangle

inequality holds, i.e., we need
p(z,z) < p(z,y) + p(y, 2).

If x = z then this is trivial. Suppose otherwise. Then, if x = y, we have p(z,z) = p(y,2) =
0+ p(y,z) = p(x,y) + p(y, z) and similarly when y = 2. If x # y # 2z, then 1 = p(x,2) < 2 =
p(x,y) + p(y, z). In each case, the triangle inequality holds.

Now we claim that (X, p) is complete. Let {z,}>2; be a Cauchy sequence in X. Then there is a
N € N such that |z, —z,| < % whenever m,n > N. With the discrete metric, this occurs precisely
when z,, = x,, for all n,m > N. That is, if {x,}°; is Cauchy in the discrete metric, then there

exists an integer N € N at which z,, = zx for all n > N. Hence {z,} — zx, which is in X.

Now suppose {z,} C X, x € X and lim |z, — x| = 0. Then there exists N € N such that
n—oo

|z, — x| < 1 for all n > N. This only occurs when z,, = 2 V n > N, and so z, — z € (X, p). Now
suppose &, — x. Then, in the discrete metric, there is a an integer N € N at which x,, = x for all

n > N. But, for such n, p(z,, ) = |z, — x| = 0. Hence lim |z, — 2| =0 and we are done. O
n—oo
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F15.7: Let A, B be two 4 x 5 matrices of rank 3, and let C = AT B (this is a 5 x 5 matrix). Find all
possible values r for the rank of C'. To be precise, if the rank r is possible, find an explicit example of such
matrices. Then prove that all other values are impossible.
Proof:
Note that AT : R* — R® has rank 3 and so its nullity must be 1 by the rank-nullity theorem.
Similarly, since B : R — R* and the rank of B is 5, B must have nullity 2. This leaves two cases.
First, if (ker(A))N(ker(B)) = 0, then C must have nullity 3. Alternatively, if (ker(A))N(ker(B)) # 0,
then ker(A) C ker(B) since the nullity of A is 1. Then since B has nullity 2, it follows that C' has
nullity 2 as well.
NOT COMPLETE. NEED TO ADD EXAMPLES. O
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F15.8: Find M2 where

(248)

N =~ W N
= 00 O W
W O =N
W N =

Solution:

We find M ! be using elementary row operations, and then square M ~! to obtain our result. Note

232 1|1 00 0 1000 2 -1 0 0
36 42/(0100 0100/ -1 2 -1 0
(M| I)~ ~ : (249)
4 8 6 3/00 10 00 1 0 -2 1
2 43 1/000 1 0001/ 0 0 1 —2
which implies
2 -1 0
-1 2 -1 0
M= : (250)
0 -2 1 1
0 0 1 -2
Thus,
5 -4 1 0
-4 7 -3 -1
M2 = : (251)
2 -6 4 -1
0 -2 -1 5
O

184 Last Modified: 4/18/2017



Basic Qual Notes Heaton

F15.9: Let A be an n x n real matrix such that A7 = —A. Prove that det(A) > 0.
Proof:
First observe that det(A) = det(A”) = det(—A) = (—1)"det(A). If n is odd, then det(A) =
—det(A), which implies det(A) = 0. Now suppose n is even and let x be eigenvector of A with

eigenvalue A. Then
Mz, z) = Oz, 2) = (Az,2) = (z, - Az) = (z, - \z) = —\(z,2),

which implies A = —X and so A must be imaginary. That is, for each Aj there is an a; € R such
that A\; = ia; where Ay,..., A, lists the eigenvalues of A. Since det(A) = A1 -Ag----- Ay, if A; =0
for any j = 1,...,n, then det(A) = 0 and we are done. So, suppose this is not the case. Then, since
eigenvalues come in conjugate pairs and n is even, det(A) is the product of pairs of eigenvalues \;
and A\, with A\; = A such that A\, = (—1)2'2045 = oz? > 0, and so det(A) > 0. This completes the
proof. O

185 Last Modified: 4/18/2017



Basic Qual Notes Heaton

F15.11: Let T : V — V be a linear operator such that 7% = 0 and 7° # 0. Suppose V = RS. Prove that
there is no linear operator S : V — V such that S? = T. Does the answer change if V' = R!?.
Proof:
Let L : V — V be a linear operator. Suppose k is a nonnegative integer and v € null L*. Then
L¥1y = L(L*v) = L(0) = 0 and so v € null L*¥*1. Through induction it follows that

{0} =null L° C null L* Cnull L2 € -+~ C null LF C null LEFL C - -

Now if for some m € N we have null L™ = null L™*!, then we claim L™ = null L™+ =
null L™+2 = ..., To show this, we let & € N and verify null L% = null L™+l We al-
ready know null L™T* C null L%+l So now suppose v € null L™+l Then L™mtktly =
L™H(Tky) = 0. This implies L*v € null L™*! = null L™. Thus, L™ kv = L™(L*v) = 0, which
implies v € null L™** and so L™k C null L™**, proving L™k = null L™tk

Let n = dim(V) = 6. Then we claim null L™ = null L™"! which, by the above, implies null L" =
null L"** for each k € N. By way of contradiction, suppose this claim does not hold. Then from
the above, we have

{0} =null L° Cnull L' € --- C null L™ € L™

At each of the strict inclusions in the chain above, the dimension increases by at least one and so
dim(null 7"*!) > n + 1, which contradicts the fact that n = dim(V) and null 7% C V.

Now suppose we have S2 = T. Then, by the above, null S% = null S¢** for each k£ € N. However,
this implies null S0 = null $'2. But, S'?2 = 7% = 0 and so null S'?> = V and null S'° = V, which

implies S = T° = 0, a contradiction. Hence such an S does not exists.

Yes, the answer changes if V 22 R!'2. For there we needn’t have S0 = §'2 since 10 < dim(V) and the
above argument does not apply. As an example, suppose eq,...,e1s is the standard orthonormal
basis for R!2. Then define T'(e;) = e;j+2 when j +2 < 12 and T(e;) = 0 when j > 11. Then
defining S(e;) = ej41 when j < 11 and S(e12) = 0 gives S? = T. And, T° = S1%e;1) = en # 0
while 76 = S12(e;) =0 for i = 1,...,12. O
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F15.12: Prove that the following n x n matrix M is positive definite:

2 11 1

1 31 1
M=]|1114 1

111 .- n+l1

Proof:

We must show (Mz,x) > 0 for each z € V where V is our n dimensional vector space. Let N be
the n x n matrix of all 1’s and A = diag(1,2,...,n). Then M = A+ N. Now observe that for each
x €V, Nz is equal to the sum of all the entries of  multiplied by the vector of all 1’s, i.e.,

Zx] 1,1,...,1).

n terms

Thus,

2

n n n
(Nz,x) ij L,1,...,1),z) = ZCE]‘ Za:j = Za:j >0.
j=1 j=1 j=1
For the matrix A observe that
(Azx, x) Z] xj - .%']—Zj :n>0

Hence

(Mz,z) = (N + A)z,z) = (Nz,z) + (Az, x) Zx] +Zj~:t2>0

and so M is positive definite. O
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2016

S16.1: For a < b real numbers, let f|a,b] x [a,b] — R be such that
a) for each y € [a,b], z — f(x,y) is non-increasing and continuous on [a, b],
b) for each x € [a,b], y — f(x,y) is non-decreasing and continuous on [a, b].

Prove that g(x) := f(x,z) is continuous on [a, b].
Proof:
To show that g(z) is continuous, it suffices to show that, given ¢ > 0, at each ¢ € [a, b] there exists

d > 0 such that |g(z) — g(x0)| < & whenever |z — x| < §. Observe from the triangle inequality that

lg(z) — g(@o)| = | f(x,2) — f(z0,0)]
= |f(z,2) — f(z,20) + f(x,20) — f(20,70)] (252)
<[f(z,2) = f(z,z0)| + |f(z,20) — f(x0, 7o)l

Since the mapping y — f(x,y) is continuous on a compact set [a, b] C R, it is uniformly continuous.
So, there is a 6; > 0 such that |f(z,z) — f(x,z0)| < €/2 whenever |z — xo| < 6;. Similarly, there
exists d2 > 0 such that |f(z,z0) — f(x0,20)| < €/2 whenever |z — x| < d2. Define § := min{d, da}.

Then, whenever |z — zg| < 4,

l9(x) — g(xo)| < |f(z,2) — f(x,z0)| + |f(z,20) = f(wo, 20)| <&/2+¢/2 =¢, (253)

and we are done. O
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S16.2: For a < b real numbers and a function f : [a,b] — R, do as follows:

a) Define what it means for f to be Riemann integrable on [a, b].

b) Let {z,}>2, C [a,b] be a sequence such that ILm x,, exists and suppose that f : [a,b] — R is defined
n—oo

by

) = Loifz ¢ {ea}nty, (254)

0 otherwise.

Using your definition, prove that f is Riemann integrable on [a, b].

Proof:

a)

We define the upper and lower Riemann sums, respectively, of f with respect to a partition
P=A{L,...,I,} of [a,b] by

k k

U5iP) =3 (s ) 15 and 2(7) = Y- (it £) 1. (255)

i=1 N L i—1

Let IT denote the collection of all partitions of [a,b]. Then f : [a,b] — R is Riemann integrable
on [a, b] if it is bounded and

jnf U(f;P) = E)lé%L(f;P)- (256)

We claim that f is Riemann integrable on [a,b]. Clearly, f is bounded by one. We claim every

upper sum equals b — a. Indeed, in each interval I; of a partition P of [a, b], we can pick z € I;

such that z ¢ {z,} since I; is uncountable. Thus, for any partition P = {I1, ..., I} we have
k

U(f;P)=>_1-1L|=b-a. (257)
i=1

Hence inf per U(f; P) = b—a. Now let € > 0 be given. Then to show suppcr L(f; P) = b—a, it
suffices to construct a partition P of [a, b] such that L(f; P) > (b—a)—e. We do this as follows.

Since the sequence {x, } converges to a limit  and [a, b] is closed, we have z € [a, b]. Moreover,
by the convergence of {z,,} we can find an N € Z™ such that, by defining Py := [z —¢/4, 2+
e/4] N [a, b], we have z,, € Py for all n > N. Now, inductively define

€ £
P= (x — i ﬁ) A a, B\ Py, ..., Pip1) (258)
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for ¢ going from N — 1 to 1. Then inf,cp, f =0fori=1,...,N and

i 2i ‘. (259)
=0

Now we can extend {P;}}¥ | to a partition P = {P1,..., Py, K1,..., K } of [a,b]. This can be
done by defining the K; to be the intervals in [a,b]\{P},..., Pyv}. Then

N N-1 N-1

SOIPI= 1Pyl + Y] 1Pl = - +

=1 i=1 i=1

16
212

IS
»Mm

J J
pp =3 (uf ) 1l = 30 8 = (- 0) = (260)
‘ i=1

i=1

as desired. Hence f is Riemann integrable on [a, b].
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S16.3: Suppose f :[0,1] — R is a continuously differentiable function. Show that the limit

Tim n (kznjof (i) —n/olf(:c) dx) (261)

exists and compute its value.
Proof:
We claim the limit actually does not exist, which we will show with a counterexample. Define
f:10,1] = R by f(x) =z for z € [0,1] and note that f is continuously differentiable. Then

(S (2 f00) o (S53)

I nn+1) n
=N _— — —
n 2 2 (262)
_n2—|—n n?
) 2
_n
=3

Hence

- k ! n
nhﬁn;()n (Zf <n) —n [ f(z) dx) = nILHSO 5= 00 (263)
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S16.4: Given continuous functions « : [0,1] — R and S : [0, 1] — [0, 1), define functions f, : [0,1] — R by

the recursion

furr(@) = ofz) + /0 "Bt fu(t) dt (264)

with fo(z) := 0 for all x € [0,1]. Prove that, for each x € [0, 1], the limit f(z) := li_)m fn(z) exists and

compute its value.

Proof:
Consider the metric space C[0, 1] with the sup norm, which we shall denote by X. We proceed by
showing X is complete, and then we define a contraction mapping 7 : X — X with which we are

able to apply the Banach Fixed Point theorem.

First we show completeness of X. Let {g,} C X be Cauchy and € > 0 be given. Then there is a
N € 7Z7* such that
l9n — gmll < /3 ¥ m,n>N. (265)

Let = € [0,1]. Then the sequence {g,(x)} is Cauchy since |gn(z) — gm(z)| < |lgn — gm|| ¥V m,n.

But, since {g,(z)} C R and R is complete, this sequence converges to some limit. Thus, we may

define a function ¢ : [0, 1] — R point-wise by g(z) := lim g,(x). Then, taking the limit as n — oo
n—oo

and using the fact that norms are continuous,
lg = gmll <e/3 ¥Ym=>N, (266)

and so g, — g. Now we verify ¢ is continuous. Let x € [0, 1]. Since gy is continuous, there is a
d > 0 such that for y € [0, 1],

[r—yl<d = lgn(x) —gn(y)| <e/3. (267)
Thus, whenever y € [0,1] and |z —y| <9,

lg(z) — g(W)| < lg(x) — gn(2) + gn(x) — gn(y) + gn(Y) — 9(y)]
19(x) — gn ()| + |gn(z) — gn (V)] + [gn (¥) — 9(y)]

IN

3 3 3
= €&.

IN

Thus, g € X and so X is complete.
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Now define the mapping T : X — X by

T(f)(x) = a(x) + /0 "Bt fult) dt. (269)

Because [0, 1] is closed and bounded, the extreme value theorem implies § attains its maximum

value S, on [0,1]. Since ([0, 1]) C [0,1), we see B« < 1. Then, for f,g € X, observe we discover

IT(f) - T(g)ll = H [ s - g dtH

<o [0 - a0 at]

. (270)
SB*Hf—g!‘/O dt'
< BlIf gl
<17 =gl

Thus, T is a contraction. And because X is complete, the Banach Fixed Point theorem implies
that for any fo € X, the sequence f,,+1 := T(f,) converges to a fixed point of T". Thence the limit

flx) = li_)m fn(x) exists and satisfies

f(2) = T()(x) = alz) + /0 “B(0)f (1) dt. (271)

All that remains is to compute f. We proceed in this by assuming « is differentiable, but this is

not a necessary assumption our final answer. Differentiating, we see

fll@) =a'(z) + Bx)f(x) = fl(z)—Ba)f(z) = o/(2). (272)

Including an integrating factor, we obtain

d [f(x) exp <— / 5)] — o/ (x) exp <— / 5) dz (273)
(@) = a(z) + exp (/ B) -/zaﬂexp <— /tﬁ) dt (274)

where the equality follows by integrating each side (the right hand side by parts) and then multi-
plying by exp ([, 3). O

which implies
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S16.5: Let f,g € R? — R be continuously differentiable functions such that g attains value zero at at least
one point. Suppose that Vg # 0 everywhere on R? and assume (zg, o) is a point such that

f(xo,y0) = inf {f(z,y) : v,y € R, g(x,y) = 0}. (275)

Show there is A € R such that V f(zo,y0) = AVg(xo, yo).

Proof:

We proceed by identifying A € R such that the desired relation holds. Since Vg(zo,y0) # 0, we
may take g,(xo,yo0) # 0, without loss of generality. Then the Implicit Function Theorem implies
there is a neighborhood N C R containing x and continuously differentiable ¢ : N — R such that

yo = ¢(xp) and g(x,¢(x)) =0 for x € N. (276)

With this, define 7 : N — R by 7(x) = f(z, ¢(x)). Since zg is an extremal point of 7, by hypothesis,

and N is an open neighborhood, we discover

0 =7"(z0) = fa(®o, (o)) + fy(0, d(20))d' (20)- (277)

But, we also know 0 = g(zo,yo) = g(z0, ¢(z0)) and so

xr x Y
0 = galo0 o) + 9y (w0, 90} (w0) = & (g) = — L2l 80) (279)
gy(:EOu ?/0)
where the division is well-defined since g, (zo,y0) # 0. Plugging (278) into (277), we see
fm(fCo,yo) _ gz(w()ayO)fy(anyO)' (279)

gy(3707 yO)

Take A := fy(x0,90)/9y(z0,y0) so that fy(zo,v0) = Agy(zo,y0). With this choice of A, (279)
becomes fr(zo,y0) = Agz(x0,Yy0). Thus, we have identified A yielding V f(xo,y0) = AVg(zo, y0).
This completes the proof.? ]

2For a proof in a more general context, see pp. 465-466 of Fitzpatrick [1].
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S16.6: A metric p in a metric space (X, p) is said to be an ultrametric if

Va,y,ze€ X, p(z,y) <max{p(z,z),p(y, )} (280)

Prove that, in this metric, every open ball {y : p(z,y) < r} is closed and every closed ball {y : p(z,y) < r}

is open.

Proof:

Let BY be the open ball of radius r centered at z and B, be the corresponding closed ball. Also
suppose y € (BY)¢. We claim BS C (BY)¢, from which it follows that (BY)¢ is open and, equivalently,
that BY is closed. To see this, suppose, by way of contradiction, there is z € Bg N BY. Then

pl,y) < max{p(z,2), p(y, 2)} <. (281)

But, we have p(x,y) > r since y € (B2)¢, a contradiction. Thus, Bg C (BY)e.
We now show B, is open. Let y € B,. We claim Bg C B,. Indeed, let z € Bg. Then

p(z, ) < max{p(y, 2), p(z,y)} <, (282)

and so z € B,. Hence B, is open. O
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S16.7: An orthogonal n x n matrix A is called elementary if the corresponding linear transformation
Ly :R™ — R" fixes an (n — 2)-dimensional subspace. Prove that every orthogonal matrix M is a product

of at most (n — 1) elementary orthogonal matrices.
Proof:

By way of contradiction, suppose there is an orthogonal n x n matrix M that is the product of n

elementary orthogonal matrices..... O
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516.8: Let A = (a;;) be a 2 x 2 real matrix such that

aiy + afy + a3y + a3y < 10 (283)
Prove that (I + A) is invertible.
Proof:
To prove (I + A) is invertible, it suffices to show that det(I + A) # 0. So, observe that
1
det(I+A)=| ~
a1 1+ a9
= (1 +a11)(1 + a2) — ai2a2;
=1+ a1 + ax + ana — azan
> 1—la1| — |age| — |ai1||aze| — |a12|a2| (284)
1 1 1 1
>l-— === -
V10 /10 10 10
8210
10
>0,

where we have used the triangle inequality and the fact that 8 — 24/10 > 0 since 82 = 64 > 40 =
(2/10)2. Thus, det(I + A) # 0. O
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S16.9: Let v; = (0,1,z), vo = (1,2,1), v3 = (x,1,0). Find all x € R for which {vy,vs,v3} are linearly
independent over R. Similarly, find all € R for which {v;,ve,v3} are linearly independent over Q.
Proof:
Let A = [u3 v2 v1]. Then

rz 1

X

1 0
1 =«

det A = -1 =xz(z? —1) - 1(z — 0) = z(z* - 2). (285)

S = R
_ 8 =
8 = O
I
&

We know that the columns of A are independent over R if det(A) # 0. Hence the set of all points

for which these columns are linearly independent over R is given by
{zeR | z#0Ax#+V2}. (286)

Showing linear independence over @ is slightly more involved. Of course, since 0 € Q, by (285) we
know x # 0. All that remains is to check for when = € {—\@, ﬁ} We claim such choice of z yields
that {v1,ve,v3} are linearly independent over ). To see this, we proceed by way of contradiction.
So, suppose z € {—v/2,v/2} and {v1, ve,v3} is a linearly dependent set over Q. Then there exists

scalars o, g, a3 € QQ not all zero such that
V1 + aovg + agvy = 0. (287)

Since none of the v; is a scalar multiple of another v; with i # j, each «; is nonzero. We can write

V3 = —V9g + —1. (288)
o3 o3
This implies
a a a
i\/izl-l—k—l-():—?. (289)
o%: o%: o%:
But ao/a3 € Q while £v/2 ¢ @Q, which gives our desired contradiction. O
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S16.10: Let S be a subset of Mat(3, C), the set of 3 x 3 matrices over C. The set S is called dense if every

matrix in Mat(3,C) is a limit of a sequence of matrices in S.
a) Prove that the set of matrices with distinct eigenvalues is dense in Mat(3, C).

b) Prove that the sequence of matrices with one Jordan block is not dense in Mat(3, C).

Proof:
a) We prove the theorem for the general case of Mat(n,C), from which the result for n = 3
follows. Let A € Mat(n,C) and € > 0. We shall find a sequence {A¥}2° | with limit A. We
do this using the norm defined by ||A|| := max; j—1,.. n{|A:|}. We must find N € N such that

|AF — Al <e VEk>N. (290)

Let J be the Jordan canonical form of A so that there is an invertible matrix P with
A= PJP~!. Then the eigenvalues A1, ..., \, of A are along the diagonal of J.

We now construct n sequences {5;C }22 , such that, for fixed k, each A; + (5;? is distinct and with
the property that 6;-“ — 0 as k — oo. First let 6§ := 1/k. Then, inductively, define the
sequence {5;‘7} by 5;-“ := 1/(m;;k) where mjj, is defined to be the smallest integer in {1,2,...,j}
such that \; + 6;“ # N + 6f fori =1,...,7 — 1. Now define the matrix Ay € Mat(n,C) by
AF .= diag(6F, ..., 0F). We claim A* := P(J + A*)P~! converges to A. Observe that

|AF — A = [PTP™" = P(T+ AP = [PASPY < [ PIIARIIPTY. (200)

By construction of A* and each 5}“, we have ||A¥|| < 1/k. And, the Archimedean property of
R implies there is N € ZT such that 1/N < g/||P||||P~!||. Thence

1 _
|4* — Al < - IPIIPTH <e YEZN, (292)

as desired.

(continued on next page)
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b) Consider the matrix A := diag(1,2,...,n) € Mat(n,C). This is a diagonal matrix with
eigenvalues 1,2,...,n. By way of contradiction, suppose {A*} ¢ Mat(n,C) and A¥ — A as
k — oo, and A* has one Jordan block J f with eigenvalue ;. By hypothesis, J/’\€ converges,

and so it must converge point-wise, which implies there is a A such that Ay — A*. And,
VEkeZ", lim det(A¥ — A1) = lim det(PJYP~! — \I)
k—o0 k—o0

= lim det(J§ — A1)
k—o0

(293)
= lim (A\p — \)"
k—o0
= (A" ="
And, since the determinant is a polynomial of its entries, it is continuous and
li AR D) = lim A¥ — AT ) =det(A —AI) =[G - \).
Jim det( M) = det <kir£10 A > det( ) };[1(1 A) (294)
But, this implies
[IG=»=x =N, (295)
i=1
a contradiction.
O
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S16.12: Let A be a symmetric n X n real matrix, n > 4, and let v1,...,v4 € R™ be nonzero vectors.

Suppose Avg = (2k — 1)vg, for k = 1,...,4. Prove that vy 4+ 2v9 is orthogonal to 3vs + 4vy.

Proof:
We must show (v; + 2v, 3usz + 4vy) = 0. Using the linearity of the scalar product in R", we see

<7)1 + 2v9, 3ug + 4U4> = <v1,3v3> + <v1,4v4> + (21)2, 3U3> + <27)2,4U4>

(296)
= 3 (v1,v3) + 4 (v1,v4) + 6 (va,v3) + 8 (va, vy) .
Using the fact that A is symmetric, we see
(v1,v3) = (Avy,v3) = (v1, Avz) = (v1,5v3) = 5 (v1,v3), (297)
which implies (vy,v3) = 0. Also,
1 1 1 5
<U2,U3> = — <AU2,U3> = — <U2, AU3> = — <U2, 5’L)3> = - (’L)Q,’Ug) s (298)
3 3 3 3
and so (ve,v3) = 0. In similar fashion, we find (v1,v4) = 0 and (ve,v4) = 0. Thus,
(01 + 209,303 +4v4) =3-04+4-0+6-0+8-0=0, (299)
as desired. (]
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F16.10: Find the unique point (x,%) € R? on the curve z* + y* = 2 that is closest to the line y = 2 — 100.
Note: Formal calculations alone do not constitute a solution. you must justify rigorously that there is a

point that is closest, that it is unique, and that it is the specific point you claim it is.

Proof:

We claim the point (1,—1) is closest to the line L = {(z,y) € R? : y =2 —100}. Let Lz ; be the
line containing (Z,y) that is orthogonal to the line L. Then the distance between (Z,7) and the
line L is given by the distance between (z, ) and the point in the intersection of L and Lz y. Since

the line Lz 5 is orthogonal to y = x — 100, it has slope —1. Using the point-slope formula, we find

Lig={(z,y) : y—7=—(z—2)} (300)
The point (x,y) in the intersection of Lz g and y = = — 100 gives

(r—-F)+j=y=z-100 = m:xQﬁ%o = y:$;y—50. (301)

The Euclidean distance between (z,7) is, therefore,

e [el) [l - [ o < [

—x/i‘x;y+50‘.

Define a function f : R?> — R by

flz,y) =2 ("1:2_?’ + 50)2 (303)

so that f gives the square of the distance from a point (x,%) to L. Since z? is strictly convex, our

problem may be stated as

i h that =0
min, f(z) such that g(z) (304)

where g(z) = 2* + y* — 2 is the constraint function. Note the set of points for which g(x) = 0 is
nonempty since g(1, —1) =14 +1* =2 =1+1-2 = 0. And, f is nonnegative (identically zero in L
and positive elsewhere) and continuous. So, the problem does admit a solution. Now, Lagrange’s
theorem states that if f and g continuous differentiable and that an extremum (a,b) of f subject
to the constraint g = 0 we have Vg(a,b) # (0,0), there is A € R such that

Vf(a,b) = AVg(a,b). (305)
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Indeed,

€Xr —

S +50) (1-1) and V(o) = (407, 45°), (306)

Vf(x,y)=2<

each of which have continuous partial derivatives. And, Vg(z,y) = 0 iff (x,y) = (0,0), which is not
possible for g(z,y) = 0. And, because f is strictly convex, any extremum is a unique minimizer.
Thence

2(b—a,a — b) = Vf(a,b) = A\Vg(a,b) = 4\(a>,b?). (307)

This implies
4ra® = 2(b—a) = —2(a — b) = —(4\b7). (308)

If A =0, then Vf(a,b) = 0. However, f attains its global minimum (zero) along points in L. And,
by the constraint g(a,b) = 0, we know (a,b) ¢ L. So, we take A # 0 to obtain a® = —b3, from

which we deduce a = —b. Then
0=g(a,b)=a*+b*-2=0a*+a*"-2 = da*'=1 = a=1 (309)

Thence we conclude (1, —1) is the unique point in R? on the curve g = 0 that is closest to L. [
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4.2 Other Good Problems

Let A = (ai;) be a 2 x 2 real matrix such that

1
ai) + afy + a3 + a3y < 10 (310)
Prove that (I — A) is invertible.
Proof:
Recall that (I — A) is invertible iff det(/ — A) # 0. And, det(I — A) = 0 iff 1 is an eigenvalue of
A for some unit vector v. In such a case, ||A|| > ||Av|| = ||1v|| = ||v|| > 1. So, it suffices to show

|A|| < 1. Let us denote a11 = a, as; = ¢, as; = b, and asy = c. Then for (z,y) with 22+ y? = 1 we

have
2 2
a c T _ ar + cy
- <(a> C)a (.1‘, y)>2 + <(b¢ d)a (.1‘, y)>2
1 1

< |I(a, o) P Iy T+ (b, d) it

= (a® 4+ )+ (V* + d?)

< 1/10.
Thus, ||A|| < 1/v/10 < 1 and we are done. O

a) Show that for any n x m matrix A, the dimension of the span of the rows is equal to the dimension of
the span of the columns.
b) Show that the dimensions in a) equal the size of the largest submatrix of A that is square with nonzero
determinant.
Proof:
a) Let T : R™ — R”™ be the linear map associated with A and v € ker7T. Then for each
w eV (T'v,w) = (0,w) = 0. But, by definition of the adjoint T of T', (Tv,w) = (v, T*w)
and so (v, T*w) = 0 for all w. This is logically equivalent to saying v € (im T*)*. Hence
ker T = (im T*)*. But, dim((im 7%)*) = dim(R") — dim(im 7*). Thence dim(im T*) =
dim(R") — dim(ker T"). This implies

dim(row A) = dim(col A*) = dim(im 7*) = dim(R") — dim(ker 7') = dim(im 7') = dim(col A).

b) We can row reduce A such that the first & = dim(col A) columns are nonzero with the rest

of the columns zero, i.e., we can row reduce A to obtain A ~ B = (v vg -+ v 0 --- 0) for
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column vectors vi,...,v; where the v; are linearly independent and form a basis for col B.
Note that this is the largest number of linearly independent column vectors we can have.
Then, using the result of a), the submatrix B’ = (v1 --- vg) must have k linearly independent
rows so that B’ can be row reduced to obtain a m x k matrix (v --- v}) where the each entry
in v; from k + 1 to n is zero. Then the submatrix k£ x k submatrix (v] --- v},) has linearly
independent columns and rows. Note well that, by construction, this matrix is similar to the
largest k x k submatrix of A with linearly independent columns. Since the columns of this
submatrix are independent, it is invertible. And, since this is similar to a k& X k submatrix in
A, that matrix is also invertible and hence has determinant zero. Since a matrix is invertible

iff it has linearly independent columns, this is the largest size of invertible submatrix of A.
O
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Suppose T € L(V) is self-adjoint, A € F', and € > 0. Suppose also there is v € V such that ||v| = 1 and
|Tv — M| < €. Prove T has an eigenvalue X’ such that |\ — X| < e.3

Proof:
Since T is self-adjoint, the spectral theorem implies V' has an orthonormal basis of eigenvectors
e1,...,e, of T with eigenvalues A1,...,\,. So, there are unique scalars ai,...,a, € F such that

v=aje; + - +ayv, and 1 = ||v||? = |a1|* + - - + |an|®. Then note
n n
Tv— XM= (T— ) Zaiei = Zai()‘i — Nei, (311)
i=1 i=1
If T has no eigenvalue A" with |A — X'| < ¢, then, using the fact that the e; are orthonormal,

n n
I1To = ol =) lailPhi = A2 =) aife® = = [|To— M| >¢, (312)
=1 =1

which contradicts our hypothesis. Hence T' must have an eigenvalue A’ such that |\ — | <e. O

3This comes from Axler Problem 12 page 224.
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